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ABSTRACT 

This thesis is concerned with the modelling and performance analysis 
of systems which consist of concurrently acting components, an example of 
which is an asynchronous pipelined processor. The work is divided into two 
parts . 

In the first part, a suitable model is developed for describing the 
structure of asynchronous concurrent systems. In conventional automata 
theory, the finite-state machine model is used to describe the behavior 
of systems; the problem with this is that a large number of states re- 
sults when practical systems are modelled. In this thesis, each system 
component is modelled as a finite-state machine, and a system is viewed 
as an ensemble of interconnected finite-state machines. This has the ad- 
vantage that the size of a system model grows linearly rather than expo- 
nentially with the number of system components. A subclass of Petri nets 
known as SMD (State Machine Decomposable) Petri nets is identified in 
order to formalize the notions of finite-state machines and their inter- 
connection. For convenience, systems of interest are divided into two broad 
categories : 

(a) Deterministic, or decision-free. 

(b) Non-deterministic, or systems with decisions. 

SMD Petri nets are used to model both classes of systems; in addition, a 
subclass of Petri nets known as LSP Petri nets is used to model those 
deterministic systems that cannot be modelled by SMD Petri nets. 

The second part of the thesis is concerned with finding the computation 
rate of activities in real-world asynchronous concurrent systems. Practi- 
cal systems are constructed from devices which have a finite speed of ope- 
ration. Since Petri nets do not have time parameters as part of their 
definition, they can model the structure of systems but cannot be used to 
study their computation rate. The definition of Petri nets is augmented 
to model the speed of operation of a device in a system by assuming that 
the corresponding activity in the Petri net has a finite, non-zero time 
duration. The resulting nets are termed timed Petri nets, and methods are 
given for finding the computation rate of activities in timed SMD and LSP 
Petri nets. The results are applied to the analysis of several asynchro- 
nous systems drawn from areas within and outside the domain of computer 
systems . 
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CHAPTER 1 



INTRODUCTION 



1.1 Background 

The philosophy of this thesis can be described very effectively by the 
following quotation from T.C. Chen [C2] : 

In the quest for performance above and beyond that deliverable 
by hardware componentry, two alternative multiprocessing ap- 
proaches to computer design can be taken. One is to subdivide 
each oncoming job among many identically constructed mechanisms, 
and is commonly referred to as parallelism . The other alternative 
is to develop a collection of specialized mechanisms capable of 
working simultaneously to form a general purpose organization; 
this is commonly called overlap , and an extreme form of this is 
called pipelining . 

It is well known that present day machines are very wasteful in terms of 
resource utilization. One of the original arguments for time-shared 
multiprogrammed systems was the fact that they could permit better utiliza- 
tion of system resources than a batch-processing system by overlapping the 
operation of the processor, primary storage and secondary storage. The 
processor in contemporary computer systems is treated as a resource unit 
which is allocated to a user job or a task within a user job. Each 
processor typically consists of smaller processing units like adders, 
multipliers, an instruction fetch unit and an instruction decode unit, 
all of which can potentially be operated concurrently with each other. 
If it were possible to achieve this degree of concurrency, a much greater 
processing rate could be realized as a consequence. Of course, the over- 



all throughput of the machine depends not only on the" instruction pro- 
cessing rate of the processor, but also on factors like the speed of 
the main memory, its degree of interleaving, the type of secondary 
storage and finally on issues like the job mix and the scheduling strategy 
used. But by suitably reconfiguring main and secondary memory, the bene- 
fits of added concurrency in the processor could be realized as added 
throughput in the overall system. In most contemporary processors, over- 
lapped operation of functional units within the processor is restricted 
to concurrent fetching and decoding of instructions. Many systems can be 
run in a multiprocessor configuration so that real parallelism is possible. 
However, this parallelism is between user jobs or between different tasks 
of the same user job, a situation which we term macro - parallelism . Dennis [D3j 
has advocated a computer organization in which parallel operation is pos- 
sible right down to the level of instructions in a computer program or a 
user task. We term this micro - parallelism and it is clearly impractical 
on contemporary machines because of the overhead involved in switching the 
processor between instruction streams. 

Jack Dennis has looked at the issues involved in designing a computer 
system to support micro-parallelism, and readers interested in his pro- 
posals for a memory organization and a representation scheme for programs 
and information structures are referred to his paper [D3J. We quote his 
remarks about the processing hardware: 

The organization of the processing hardware is intended to per- 
mit extensive sharing of multiple specialized cells by many 
computations to ensure statistically high utilization. It is 
envisioned that there be tens to hundreds of units of each cell 
class, operating independently and asynchronously using a ser- 
vice on demand principle of control. 
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The control needed in such a large complex system would be too formidable 
to tackle with a centrally clocked or a synchronous organization. Dennis 
has rightly pointed out the need for asynchronous operation of such a 
system. Each "cell" in Dennis' system corresponds to a functional unit 
of a certain type, like an adder or an instruction decoder, and the opera- 
tion of a cell type will be overlapped or pipelined with the operation of 
other cell types. Thus, by a combination of parallelism and overlap, a 
statistically high instruction throughput should result. We will refer to 
such systems as "asynchronous concurrent systems" and will have occasion 
to use this term often in the course of the thesis. Dennis and Patil [Dl, 
D2] have addressed themselves to the problem of evolving tools for the 
description and implementation of such systems. They have made much 
progress, and their efforts have resulted in a systematic technique for 
both the description of asynchronous concurrent systems together with a 
methodology for their realization using a set of elementary modules [Dl, 
D2] . In this thesis, we would like to address ourselves to the question 
of modelling such systems with a view to predicting their performance. 
The performance of an asynchronous processor such as visualized by Dennis 
will depend upon several factors, some of which are listed below: 

a) The number of functional units of each type. 

b) The speed of operation of each functional unit. 

c) Statistical properties of user jobs, e.g., their degree of 
parallelism, relative frequencies of the different instructions. 

d) Gross statistical properties of user jobs, i.e., job arrival 
rates, mean length of user jobs. 

Before we can incorporate these factors into a model for performance 
evaluation of asynchronous computer organizations, we must come up with a 
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suitable descriptive tool or model which can represent the structure of 
such systems in a manner that is both simple and accurate. In particular, 
factors like (a) and (b) should be readily incorporated into the model. 

Models for asynchronous systems as they currently stand can successful- 
ly describe the structure of asynchronous systems, i.e., the structure 
and interconnection of the parts of the system. However, they do not 
have a way of incorporating information about factors like (b) and (c) 
as part of their definition. In this thesis, we have developed a model 
in which factors (a), (b), and (c) can be described in a natural and 
simple way. Thus, given a description of the structure of the system 
and the speed of operation of its parts together with statistics on the 
utilization each part, we can obtain a measure of the throughput of the 
system. If the system we are considering is an asynchronous pipelined 
processor, we can obtain a measure of its processing rate, given that we 
have information of types (a), (b) and (c) available to us. The actual 
throughput of such a processor when connected to memory units and in the 
presence of user jobs is not easy to find. We will not study issues of 
type (d) in connection with the performance of asynchronous computer 
systems, but will concern ourselves with finding an index of performance 
which we will call its information processing capacity or computation 
rate . 

Our approach will be to study an existing model for asynchronous sys- 
tems and explore in depth its applications to the modelling of various 
types of concurrent systems, including pipelined organizations in which 
parallelism may be present in each stage. This model, while adequate for 
describing the structure of asynchronous systems, does not contain in- 
formation regarding the speed of operation of system components or any 
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information about the statistical utilization of the parts of a system. 
We show how such information can be incorporated into the model. The 
properties of this augmented model are studied, and a technique is given 
for analyzing the throughput rate of a large variety of asynchronous 
processing or computing systems. The model we have developed and the 
analysis techniques for it were motivated by the desire to study perfor- 
mance issues in asynchronous computer systems . However, the work can be 
applied with equal facility to analyzing numerous systems outside the 
realm of computer systems; the best example is that of an assembly line, 
and we shall interchangeably talk about pipelined processing systems or 
assembly lines, because both share fundamental characteristics such as 
overlapped and parallel operation. In the next section, we pursue the 
modelling of asynchronous systems in some depth, and illustrate the 
spirit and flavor of the thesis by concrete examples. 
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1.2 Modelling Asynchronous Systems 

Our study of various types of asynchronous concurrent systems has led 
us to the conclusion that, by and large, we would like to distinguish 
between two broad classes of systems : 

a) deterministic 

b) non-deterministic (i.e., having decisions). 
Let us explain briefly what we mean by tfcis distinction. 

Deterministic Systems : We will call an asynchronous system deterministic 
if during the course of operation of the system, there is never a 
situation when a decision has to be made between alternative courses of 
action in the system. An example will explain what we mean. Consider 
an automobile assembly line in which only one kind of car is being manu- 
factured, and each car is made from similar components using the same 
sequence of assembly operations. Thus, in the course of operation of 
this system every assembly operation is needed for the assembly of each 
car, there being no difference in the sequence of steps needed for the 
manufacture of the fourth or eighth car output by the assembly line. To 
give another example, consider a pipelined floating-point adder, arranged 
in, say, three stages (see Fig. 1.2.1). Each stage performs a certain 
operation on the pair of operands input to the pipeline for addition. 
Thus, each operand pair that is absorbed at the input goes through the same 
sequence of operations before being output as a result. Such a pipelined 
system is also a deterministic system because no choice has to be made 
between alternative courses of action. So far we have looked at systems 
in which the objects being assembled (or added, etc.) go through an i- 
dentical sequence of operations. A more general class of systems consists 
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of those systems in which the objects being processed do not necessarily 
go through the same sequence of operations, but the operation of the 
system is still deterministic. An example of such a system is an assembly 
line for the manufacture of automobiles which alternately turns out two 
kinds of autoe, one fitted with a 20tt IIP engine and the other with a 350 
HP engine. Wte ahall assume that the car with the mace powerful engine has 
to be suitably braced and fitted with extra gadgetry, so that after the 
engine has been bolted to the chassis, subsetpaeHt assembly operations per- 
formed on the two cars are different. Thus, even though there is a point 
in the system at which a decision has to be made, this decision cannot, 
for example, be made arbitrarily by an assembly lime operator. The opera- 
tion of the system is, so to speak, "preordained,** i.e., there is no point 
during the operation of the system at which a choice can be exercised be- 
tween alternative courses of action. 

Let us now move on to the class of systems we have termed non-determin- 
istic systems. 

Non- Deterministic Systems : We will loosely define mas-deterministic 
systems as those in which there does exist a choice between alternative 
courses of action. An example of such a system is the assembly line of 
Figure 1.2.2, minus the restriction that t&e two trass of automobiles be 
manufactured alternately . Thus, at the bay at which alternate routing 
of the two types of partially assembled autos was done, this rooting can 
now be made random or controlled by some decision process other than a 
purely deterministic one . The decision could, for example, be made on 
the basis of up-to-the-minute customer orders received from car dealers. 
The operation of an assembly line such as this is said to be non-determin - 
istic. Let us now give a more computer -re la ted example. Consider the 
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simpllfied model of a pipeline processor shown in figure 1.2.3. 



Input 
Queue 



TTTV— > 



Stage 1 Stage 2 
Instrud- bnstruc 



What type 
of instruction? 



Processing for Type A Output 

Queues 




Stage 3 Stage 4 



Figure 1.2.3. A Simplified Model of a Pipeline Processor for a Computer 
with Three Instruction Types. 



We shall assume that the instruction set of the computer has three types 
of instructions, termed types A, B, and C. Instructions are fetched at 
Stage 1, decoded at Stage 2 and processed according to their type at 
Stages 3 and 4. The reader will notice that we have chosen the same not* 
tion for representing both the assembly line of figure 1.2.2. and the 
pipelined processor of figure 1.2.3. Both these types of systems, 
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together with a large variety of others, all have the basic characteristic 
that they consist of a set of parts together with some mechanism for coor- 
dinating their operation. In addition, the system parts could be 
arranged to exhibit overlapped operation and parallelism. Let us ex- 
plain these two terms in the context of Figure 1.2.3. Each stage of the 
system is a part , whose operation can be overlapped with that of the 
other parts. We will say that the parts of the pipeline processor operate 
concurrently or in an overlapped fashion . We now come to parallelism. 
Suppose Stage 1 consists of two identical hardware units, each of which 
can independently fetch an instruction, and the two can operate concur- 
rently with respect to each other. Stage 1 will be said to have paral - 
lelism of degree 2. In general, any stage is said to have parallelism 
of degree a if it has n physical hardware units available for processing. 

Brief Statement of Thesis Problem : The problem we have addressed in 
this thesis is to study in some depth how to model asynchronous, concur- 
rent systems such as the ones shown above. We have chosen a formalism 
known as Petri nets [HI, H2] to express the sequencing relationships be- 
tween events in asynchronous systems. The problem with Petri nets, as 
with other models for asynchronous systems or parallel computation that 
we could have used is that they represent only the sequencing or "cause - 
and-effect" relationships between events in a system. Such a systems 
description is not adequate if we wish to study performance issues. 
For example, the assembly lines and the pipeline processors modelled in 
Figures 1.2.1. through 1.2.3. are all real world systems built from com- 
ponents or devices which take a certain amount of time to operate. Thus, 
the production of cars or the processing of instructions in an actual sys- 
tem is not instantaneous. The rate at which processed objects appear at 
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the output depends upon several factors, some of which we outlined in 
section 1.1 in connection with an asynchronous pipelined processor. 
Recapitulating, the throughput rate of an asynchronous processing system 
will depend upon two kinds of factors: 

(a) factors intrinsic to the system, like its structure, the 
organization of its parts and the speed of operation of each part. 

(b) extrinsic factors, like availability of items in the input queues, 
statistics on the type of items input to the system for processing. 

The only extrinsic factor we will model will be statistics on the out- 
come of decisions during the course of operation of the system. In 
connection with Figure 1.2.3, this would mean the relative probabilities 
of occurrence of each of the instruction types A, B and C during the 
operation of the pipelined processor. As the reader will note, this 
is equivalent to the relative frequency of use of the system parts which 
perform the processing of these instruction types. We will not model 
other extrinsic factors, like arrival statistics for items in the input 
queues. The throughput rate that we thus calculate for a processing 
system will represent the maximum rate possible, assuming that it is 
connected to a balanced configuration of primary and secondary memory. 
In the next section, we look at previous work in the areas of asyn- 
chronous systems, parallel computation and project scheduling which is 
relevant to the research presented in this thesis. 
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1.3 Related Work 

Considerable work has been done In modelling the sequencing or control 
aspects of asynchronous systems, but few workers have actually considered 
issues of timing or speed of operation. 

The work of R. Karp and R. Miller [Kl, K2J is concerned with the 
development of a mathematical model called parallel program schemata 
to represent parallel algorithms. A set of uninterpreted operations is 
defined over a finite set of memory cells. With each operation is 
associated two subsets of the memory cells called the domain and range 
cells. Upon activation, called an initiation, an operation reads the 
current values in its domain cells and evaluates a function with these 
values as arguments. An unspecified time later, the results are deposited 
in the range locations, the latter action being called a termination. 
Control is conceptualized as a possibly infinite directed graph consisting 
of a set of control states (nodes) together with a transition function 
that specifies for each state initiation and termination pair the suc- 
ceeding control state. A computation is a sequence of initiations and 
terminations that corresponds to a defined path in the control graph 
(emanating from a designated starting state) and that satisfy other rules. 
With this formulation, parallel activation of operations is possible, 
but their work on the whole is more concerned with control structures 
for parallel programs that properly terminate than with the issues in- 
volved in being able to represent continuously operating asynchronous 
concurrent systems. 

Dijkstra [D4] considers a method by which asynchronous sequential 
processes may operate concurrently and communicate harmoniously. The 
processes are provided access to common integer values called semaphores . 
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The semaphores can be manipulated by means of two synchronizing primitives, 
the "P" and "V" operations which decrement and increment, respectively, 
the value of a semaphore by one. The P operation can be executed only 
when the current value of a semaphore is greater than zero. Conditions 
are investigated for an ensemble of interconnected sequential processes 
to operate without being deadlocked. 

The work of Holt and Commoner [H2, CI] is very' {significant and has form- 
ed the starting point of our thesis. Their model, called Petri nets, 
is very simple to understand, and consists of two types of nodes termed 
places and transitions. A set of directed arcs connects places to 
transitions or transitions to places. Markers, called "tokens" are put 
on places , and each token that is put on a place corresponds to the 
holding of one instance of the condition corresponding to that place. 
When every input place of a transition has a token on it, it can "fire." 
A firing causes one token to be removed from each input place, and a 
token to be added to each output place. Commoner has investigated 
conditions for a subclass of Petri nets to operate in a deadlock-free 
manner. Hack has done an extensive investigation of a subclass of 
Petri nets termed Free Choice Petri Nets [HI]. 

So far, we have discussed models for asynchronous systems in which 
no mention was made of real time. Two bodies of work exist in which 
real time issues are entered into for asynchronous concurrent systems . 

The first is the PERT network used in project scheduling [FlJ. A 
PERT network is an acyclic directed graph with an input vertex and an 
output vertex. All arcs in the system lie on paths from the input vertex 
to the output vertex. Each arc denotes an activity in a project, and a 
method is given for calculating the shortest amount of time that it 
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takes to complete the project (the critical path), and also the earliest 
and latest time that any given activity can initiate in order that the 
project be completed in the shortest time possible. While PERT networks 
can explicitly represent concurrent activity in a system, they do not 
have the power to represent systems which operate in a recurrent or 
repetitive fashion. Nor, for that matter, can they explicitly represent 
system components with parallelism within each component. Most important, 
there is no provision in the structure of PERT networks for representing 
a choice between alternative actions in a system. This makes the model 
inadequate for modelling the complex asynchronous systems we would like 

to handle. 

Martin and Estrin at UCLA have studied a model of parallel computation 
called the program flowchart [Bl, Ml, M2, M3l. Program flowcharts are 
directed graphs consisting of nodes and arcs. Nodes represent operations 
in a computer program and arcs represent data paths between them. An 
operation can take place when some suitable logical combination (and, 
exclusive-or) of its incoming arcs have data values on them. When an 
operation takes place, it absorbs data values from its incoming arcs and 
puts data values on some logical combination of outgoing arcs. The model 
is extremely powerful and can represent decisions explicitly. Martin and 
Estrin are concerned with modelling parallel computer programs, with a 
view to finding their mean computation time, i.e., the amount of time it 
takes to execute a computer program from start to finish, For this pur- 
pose, they assume each node to have a fixed (deterministic) time duration. 
A technique is given for finding the mean execution time of well-formed 
program flowcharts. Although the model is capable of representing 
recurrent processes, Martin and Estrin have confined themselves, in their 
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analysts, to models of processes which operate in a "one shot" fashion. 
Also, they have not developed their model to a point where it can be 
used for modelling complex pipeline processors or assembly lines. We 
will show in the course of our work the added generality that is possible 
with our approach to modelling asynchronous systems. 
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1.4 Overview of Following Chapters 

1) It is shown how asynchronous concurrent systems can be looked upon 
as an ensemble of suitably interconnected finite state machines. Petri 
nets are introduced to formalize this notion, and also as a graphical 
tool for visualizing the structure of asynchronous systems. It is shown 
what it means for an asynchronous system to be well-formed in terms of 
the corresponding notions of liveness and boundedness for Petri nets. The 
two classes of asynchronous systems, deterministic and non-deterministic, 
are formalized. Boundedness is shown to be a decidable property for 
Petri nets, and liveness in turn is shown decidable for bounded nets. 
(Chapter 2). 

2) An in-depth discussion is given of the structure of asynchronous concurrent 
systems in terms of SMD (State Machine Decomposable) Petri nets. The 

notion of a "current assignment" is introduced for transitions in a Petri net, 
and a consistent Petri net is defined as one which can support a consistent current 
assignment. Subclasses of Petri nets are introduced, chiefly Event 
Graphs, LSP (Live, Safe, Persistent) Petri nets and SMA (State Machine 
Allocatable ) Petri nets. Deterministic and non-deterministic systems are 
studied in terms of these subclasses. (Chapter 3). 

3) Timed Petri nets are introduced. These are Petri nets in which a 
transition executes for a fixed non-zero time called its firing time . 
The maximum rate at which an event occurs in a system is its computation 
rate . The computation rate of a large class of deterministic systems 

is found. (Chapter 4). 

4) The general problem of finding the computation rate of non-deterministic 
systems is addressed. A bound is obtained for the computation rate of 
non-deterministic systems. Systems are identified for which this bound 
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is achievable. (Chapter 5). 

5) Applications of our work to the modelling and analysis of real-world 
systems are given. (Chapter 6). 

6) Unsolved problems are given, together with recommendations for future 
research. (Chapter 7). 



CHAPTER 2 
PETRI NETS AND VECTOR ADDITION SYSTEMS 

2.1 Informal Introduction to Petri Nets 

We will present the Idea of the Petri Net model as an extension of 
the finite state machine model of conventional automata theory. The 
latter model is based on the assumption that we can abstract from a sys- 
tem a total syst em stat e, and the action of the system is described by 
the set of all allowable states and a set of rules that governs the 
transition of the system from one state to another. Let us give a simple 
example here to explain what we mean. 

Consider a stage of the pipelined floating point adder shown in 

Figure 2.1.1(a). Assume that it can handle one pair of operands at a time 
and that when it is performing an operation on an operand pair, other 
operand pairs in its input queues must wait until it is through with the 
current operand pair. We can thus represent the operation of the stage 
of the pipelined adder as shown in Figure 2.1.1(a). 



Unit busy 




Ready to output result 



ady for input 
operand pair 



Figure 2.1.1(a) 
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The stage can be in one of three states, denoted by circles in Figure 
2.1.1(a) : 

(a) Ready for input operand pair. 

(b) Unit busy (processing an operand pair). 

(c) Ready to output result. 

Figure 2.1.1(a) is drawn using the notation of finite-state automata 
theory, and a transition from one state to another is denoted by an arc. 
For reasons that will become clear soon, we will insert into each arc in 
Figure 2.1.1(a) a bar to denote the transition from one state to another. 
Also we would like to indicate what state a system is in at any given 
instant of time. We will designate this by the presence of a marker on 
the circle corresponding to that state (see Figure 2.1.1(b)). 



Unit busy 
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operand pair 
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Beady for input 
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Figure 2.1.1<b) 
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Output result 



The system shown in Figure 2.1.1(b) is in the state : "ready for 
input operand pair". When the system absorbs an input operand pair, it 
makes a transition to the state : "unit busy". Finally, when it is done, 
with processing the operand pair, it becomes ready to output the result 
and makes a transition to the state entitled "reddy to output result". 
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The system then outputs the result and becomes ready for the next input 
operand pair. This sequence of operations repeats. 

Each stage of the system can be modelled in this fashion. We now con- 
sider how to model a two-stage pipelined adder, given that each stage is 
modelled in this fashion. Once again, by using techniques of conventional 
automata theory, we see that the two-stage system can be represented by 
a finite state machine which is the cross-product of the two machines [H4] . 
Let us attempt to carry out this construction. We will assume that the 
states of the two machines are labelled a,b,c and a*,b',c' t respectively 
(see Figure 2.1.2). 





Figure 2.1.2 



Figure 2.1.3 shows the resulting finite state machine. We see that it has 
nine states and a total of eighteen transitions between states. The 
problems with this representation are the following: 

(a) The number of states grows as the product of the number of states 
in the individual stages. 

(b) The identity of the individual stages has been lost. For all we know, 
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this could be the state diagram of a nine-state system consisting of only 
one system component (or stage). 

The nine-state finite state machine obscures the structure of our two- 
stage pipelined adder. We note that if the pipeline has n stages, the 
number of states in the finite-state machine used to represent it would 
be 3 ! To represent a five-stage pipeline, we would need 243 states. 
We clearly need a formalism which provides more economical descriptions 
of concurrent systems. 

Let us briefly discuss parallelism in a system like a pipelined adder. 
Suppose we consider a two-stage pipelined adder in which the first stage 
has five functional units in parallel, and can thereby support up to 
five concurrent computations. The second stage will be assumed to have 
eight parallel stages. We can represent parallelism of degree five in 
the first stage by placing a total of five tokens on the finite-state 
machine used to represent it. Similarly, we place eight tokens on the 
finite state machine used to represent the second stage. (See Figure 2.1.4). 
Each token is assumed to move from one state to another independently 
of all other tokens. The state of the first stage is now a vector 
( n(a) , n(b), n(c) ), where each element of the vector represents the 
number of tokens on the corresponding place. Note that : 
n(a) + n(b) + n(c) = 5, and 

n(a') + n(b') + n(c') = 8. 

In order to model the first stage as a finite state machine, 3 states 

8 
are needed. Similarly, 3 states are needed for the second stage, giving 

13 
3 states in all for the cross product machine ! Suppose instead of 

attempting to model the above system as a finite state machine, we use 
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Figure 2.1.3 Finite State Machine Model of Pipelined Adder 



the following artifise : coalesce t and t* together, giving the dia- 
gram in Figure 2.1.5. The coalesced bar is relabelled *t'. 
The output terminal of stage 1 is thus made the input terminal of stage 
2. A transfer of an operand can take place when stage 1 is ready to out- 
put a result and stage 2 is ready for an input operand. In terms of the 
net in Figure 2.1.5, this is true when state c in stage 1 and state a' in 
stage 2 each have at least one marker on them. Figure 2.1,6 shows a confi- 
guration of the pipeline in which an operand pair can be transferred between 
the stages. Figure 2.1.7 shows the configuration that results after an 
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operand pair has been transferred. 

We are now ready to introduce some nomenclature. Each circle in the 

diagram of Figure 2.1.5 is called a place , and the bars are called trans - 
it ions . The act of transferring an operand pair between stages was 
achieved by an action called the firin g of transition t. 





Figure 2.1.4. 




a Figure 2.1.5. a* 

Figure 2.1.6 shows a configuration of the system in which transition t can 
b e fired . When t fires , a token is removed from each input place and 

added to each output place. (see Figure 2.1.7) . In system terms, each input 
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Before firing transition t 



Figure 2.1.6 




After firing t 



Figure 2.1.7 
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place to a transition represents a pre-condition that has to be satisfied 
(or hold) in order that the action corresponding to the transition may 
take place. If there are several tokens on a place, it represents several 
instances of the holding of the corresponding condition. Thus, when the 
action corresponding to t occurs, it causes one instance of each pre- 
condition to cease and one instance of each output condition or post- 
condition to begin holding. When the finite-state machines representing 
Stages 1 and 2 are not connected , the stages they model are said to be 
mutually independent . In Figure 2.1.5, the finite state machines are said 
to be interconnected . Many other terms can be used instead of interconnec- 
ted stages , for example, cooperating or mutually synchronized stages, but 
we will continue to use the term interconnected . 

What we have done in the last few paragraphs is to introduce a way of 
modelling, in an economical way, systems of interacting parts in which 
overlapped operation and parallelism are both present. The terminology we 
have used is part of the definition of Petri nets , which are discussed more 
formally in the next Section. We have introduced the idea of Petri nets 
as a natural extension to the finite state machine model, and their advan- 
tages are obvious and considerable. 

We would like to continue our informal approach in order to introduce 
some important notions that we will need in understanding the structure 
of asynchronous systems. Consider the finite-state machine in Figure 2.1.1(b) 
The state machine is strongly-connected, i.e., from every state there 
exists a directed path to every other state. The state machine in Figure 
2.1.8 is not strongly-connected and we see that there is the possibility 
that the token can appear in place p , after which there is no way for the 
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token to appear in either place p. or place p . What this implies is that 
once the token appears in place p , transitions t -,» t 2 *"& t -\ can 00 * fire. 




Figure 2.1.8 A finite state machine that ia not strongly-connected. 



We have sees that transitions can he used to represent operators in an actual 
system. In the systems we are interested in, we insist that every operator 
always be usable. A system component Whose operation can be represented by 
the finite state machine of Figure 2.1.8 has certain operators (represented 
by t.,t and t ) which are not used after some transient b ehavior of the 
system. In the steady state, transitions t. and t fire alternately, over 
and over again. We will insist that each finite state machine be strongly - 
connected, and the reader can see that this is necessary far the composite 
system to satisfy the requirement that every operator always be usable In 
the course of operation of the system. If it so happens that some of the 
operators can never be used (i.e. their corresponding transitions can 
never be fired) , then those operators can be removed from the system 
without affecting its operation. Such operators are termed redundant . 
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The reader can verify that in the resulting net, transitions t , t and 

5 6 

t' are redundant. 
6 

A Petri net such as the one shown in Figure 2.1.9(b) has no redundant 

transitions and will be termed live . On the other hand, in the net shown 

in Figure 2.1.9(c), transitions t_, t, and t' are redundant, whereas all 

5 6 o 

others can always be fired. Such a net is termed pseudo-live . In some 
Petri nets, the operation of the net may lead to a configuration in which 
no transition can be fired. Such a net is termed non-live. In Figure 
2.1.10(b) we show the construction of such a net from the two state machines 
of Figure 2.1.10(a). 





Figure 2.1.9(a) 



■33- 




6 



Figure 2.1.9(b) 




Figure 2.1.9(c) 
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In the configuration shown in Figure 2.1.10(b), either transition t. or t 
can be fired. If t„ is fired, the net attains a configuration in which no 
further transitions can be fired (see Figure 2.1.10(c)). The net is an 
example of a non-live net, and the configuration shown in Figure 2.1.10(c) 
is a deadlocked configuration . 

What we have done so far is to motivate a formal study of Petri Nets, 
which we now proceed to do i>n the next section. 





Figure 2.1.10(a) 





Figure 2.1.10(b) 



Figure 2.1.10(c) 
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2.2 Formal Definition of Petri Nets and Relevant Concepts 

2.2.1 Petri Nets 

We are now in a position to intiroduce the reader to the formal defini- 
tion of Petri nets together with the related terminology that we will use 
in the rest of this thesis. 

Definition 2.2.1 A Petri Net 3>is a three-tuple <P,T,A> 

where P is a non-empty set of distinctly-labelled places {pi, p2»"«PnJ* 
T is a non-empty set of distinctly-labelled transitions 

Itjj t2> ...t m J. 
A is a relation; it corresponds to a set of arcs , where each arc 
is either from a place to a transition or from a transition to 
a place ; 
A C PXT U TXP. 

Definition 2.2.2 A marking M is a function such that M: P — # 11, where 11 
is the set of non-negative integers. The non-negative integer associated 
with a place represents the token load of that place, or the number of 
tokens on it. 

A Petri net with a marking will be referred to as a marked Petri net 
(see figure 2.2.1 for an example). 

Notation and Terminology 

A node of a Petri net is either a place or a transition. We now intro- 
duce a convenient notation for the predecessor or successor nodes of any 
node in a Petri net. We will refer to it as the dot notation . 
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Flgure 2.2.1. A marked Petri Net 

(p,t) e A ts written p«t. 
{y|x*y} is written x* . 
{y|y.x} is written *x. 

Example : In figure 2.2.1, -t£ = {pi, P2^ • 

Pl" = W' fc 2^« 



The dot notation is also applied to designate the successor or pre- 
decessor set of a set of places or transitions. Thus, 
•ft 2 » t 4 l - {pl, P2» P3^* 
CP3> P2)* = C fc 2> *3» H^' 

A transition t in a Petri Net *P is said to be enabled iff every input 
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place p. € «t has at least one token on it. An enabled transition can be 
fired . When a transition fires, a token is removed from each input place 
and added to each output place p j € f . Suppose M* is the marking that 
results when an enabled transition t a fires at marking M. We write this 

Now suppose transition tf, can be fired at marking M a . Let M^ be the 

marking that results when transition t^ fires. We write 

M -** M« ££* H&. Continuing in this fashion, let 

us suppose that at every new marking that results when a transition fires, 

at least one transition can be fired. We can write this 
M Uk*.ifa SL^Mb ^M*. 

The sequence of transition firings t a t]>t e ..... t n is termed a firing 
sequence . If a- t a t|, t n , we write 

t«th fc n n 
M a t> '" & M 

a n 
or M >■ > M . 

Er ample . 

In Figure 2.2.2(a)) transition t2 is enabled. Figure 2.2.2(b) shows 
the marking that results when transition t£ is fired at marking M. The 
reader can also verify that t2t^t5tjt3 is a firing sequence for the net. 

1 i 

Definition 2.2.3 : A marking Mt is said to be reachable from marking IT 

if there exists a firing sequence ff such that 

i a j 
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Marking M 
(a) 




Marking M* 
<b) 



Figure 2.2.2 



Definition 2.2.4 ; The forward marking class It of a marking M is the 
set of markings that is reachable from M. i.e., 

M - {M 1 1 3 a € T* and M -S> M 1 } . 



Note ; T* is the set of strings on the alphabet 
T = {t lf t 2 , ... 



• t n }. 



Notation ; We have defined M as a function that assigns a token load to 
every place pi € P. M can also be looked upon as a vector, the ith element 
of which corresponds to the token load of the ith- place Pi in the Petri net. 

Example ; The marking M of the net in Figure 2.2.2(a) can be written as 
M- (1, 1, 0, 0) 
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The forward marking class of M is seen to be 

3 = {(1,1,0,0), (0,0,1,1), (0,1,1,0), (1,0,0,1)}. 

Definition 2.2.5 : A marking M is live for a transition t. iff for every 
marking K L in the forward marking class M there exists a firing sequence 
which fires t. 

Definition 2.2.6 : A marking M is live for a Petri Net ^iff it is live 
for every transition in the net. 

Definition 2.2.7 : A marking M is bounded for a place £, iff there exists 
an integer N such that for every marking M 1 ^ M, M^p) s N. If N = 1, the 
marking is safe for place j>. 

Definition 2.2.8 : A marking M is bounded (or safe ) for the Petri net & 
iff M is bounded (or safe) for every place in the net. 

In Section 2.1, we pointed out that there exist marked Petri nets in 
which a marking is reached in which no transitions can be fired, i.e., the 
net can reach a deadlocked configuration . Suppose this deadlocked con- 
figuration is called M 1 , and suppose that the net is in some configuration 

(i.e., has a marking) M. If M **M , then o is said to be a killing 

sequence for the net at the given marking M. A net with a live marking 
has no. killing sequence . 

There is one more important issue we would like to consider in this 
subsection. In Section 2.1, we pointed out that the only Petri nets we 
will use for modelling asynchronous concurrent systems will be nets which 
have a live marking. We would also like the marking for a Petri net to 
be bounded. This means that the only Petri nets we would like to consider 
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are strongly-connected nets. Let us see why. Consider a non-strongly 
connected Petri-net *. Then, there must exist in the net two portions of 
the net A and A such that all arcs between them are directed from A to 
A* » as shown in Figure 2.2.3. Each of the nodes a and c in A can either 
be a place or a transition. Suppose a is a place. Then b must be a 
transition. Since the marking for the net is live, it means that b can 
be fired repeatedly. But each firing of transition b removes a token from 
place a. Now suppose we do not fire transition b at all. This would mean 
that all the tokens which were previously being removed by firings of b 
can now stay on place a, which means that the number of tokens on a can 
become unbounded. 




A' 



Figure 2.2.3 A Petri net that is not strongly-connected . 

Now suppose that a is a transition and b is a place. Since the marking 
f or (P is live, we can fire transition a repeatedly, causing the token 
content of b to become unbounded. Thus, if (? is not strongly-connected, 
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the token content of some place in r becomes unbounded. Now, since we 
are concerned only with nets which have a live, bounded marking, all 
Petri nets we will consider will be strongly-connected , unless explicit - 
ly stated otherwise . 
In Section 1.2, we said that there are two broad classes of systems 

that we would like to distinguish between. We now pursue that line of 

thinking formally. 

2.2.2 Deterministic and Non-Deterministic Petri Nets 

We would like to make an important distinction between two classes of 
Petri nets , which we term deterministic and non-deterministic . First , we 
look at a structural condition of Petri nets known as conflict . 

Definition : Consider a Petri net ^ = ^P,T,a). Two or more transitions 

ti,t2, tjj are said to be in conflict if there exists a place p such 

that p»t, A p«t2 Ap.tk. 

Note ; 'A' denotes the logical "and" operatoc, 



h 




Figure 2.2.4 
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In Figure 2.2.4 transitions t. and t are in conflict at place p. 
With the marking shown, a token in place p t can be removed by the firing 
of either transition t. or transition t . Thus, for the given marking, 
we have a choice between firing either transition t^ or transition t 2> 
and when either transition fires, the other ceases to be enabled. Before 
we can go any further, we must make a few definitions. 

Definition 2.2.9 ; A marking M is persistent for a transition t in a 
Petri net ^if t has the property that once it is enabled at any marfcltg 
M € ft, it cannot cease bo be enabled by the firing of any transition 
other than itself. 

Definition 2.2.10 : A marking M is persistent for a Petri net ^ iff it 
is persistent for every transition t € P. 

The net in figure 2.2.4 has the property that it has no marking which is 
persistent for transitions t 1 and t . Such a net is termvdia non-deter- 
ministic net, and represents a system in which there is a distinct choice 
between alternative actions (see section 1.2). In contrast, the net in 
figure 2.2.6 is a deterministic net or a net with a persistent marking. 

We now introduce some convenient ways of referring to the nets we have 
been discussing. 

A net with a Live, Bounded or a Live, Safe marking will be termed an 
LB or LS net, respectively. If a Live, Bounded marking is also Persistent 
we will call the Petri net an LBP net. A net with a Live, Safe, Persistent 
marking will be called an LSP net. The net in Figure 2.2.5 is an LSP net. 

Petri nets are a graphical representation of a mathematical system 
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Figure 2.2.5 A Petri net witfra live, safe, persistent marking 



known as vector addition systems . In the next section, we use some results 
in vector addition systems to prove the decidability of certain issues in 
Petri nets. 
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2.3 Vector Addition Systems and their Relationship to Petri Nets 

In this section, we give a brief, description of vector addition systems, 
but a more thorough coverage can be found in Karp and Miller [K2]. 

Definition 2.3.1 : An r-dimensional vector addition system V is a pair 
V = (s,W) where 

(1) s € N r , N = {0,1, ...}. 

(2) W is a finite set of r-dimenslonal integer vectors 
W= {w r ...,w k } , v t € {0,+l,+2, ...} r 

The reachability set R(V) is the set of vectors given by 

R(V) = {xjxj^ = s + w tl + w 12 + ... + w ifc } where Wj. € W. 

a. w t . € W, j = l,2,,,.k. 

b. s + w.. + w.- + ... + w.. » 0, k = l,2,...t. 

The reachability set is the set of all points that can be reached by some 
path from s using vectors from W and never leaving the first orthant. 

Example 2.3.1 : As an example of a four element vector addition system, 
consider 

V - (s,w) 
where s » (1,1,0,0) 

W = { Wl = (-1,0,+1,0), w 2 - (-1,-1,+1,+1), w 3 - (0,-1, 0,+l), 
w 4 = (+1,0,-1,0), w 5 = (0,+l,0,-l)}. 
The reachability set R(V) of this vector addition system consists of 
four vectors {(1,1,0,0), (0,0,1,1), (0,1,1,0), (1,0,0,1)}. 

Notation 

Let us denote the vectors in the reachability set by y., 
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th 



i.e., R(V) = {y 1 , y 2 , ... yj . 
Also, if y. is a vector, then (y^ will denote the k"* element of y^ 
We will draw a directed graph with the elements of R(V) as vertices, 
and an arc from vertex y. to y, if there exists a vector w. 6 W such that 

7j - 7 t + V 
Each arc will be labelled with dts corresponding vector **• above, and the 
resulting diagram- shows at a glance the vectors in the reachability set 
and how they can be reached from one another. Wa'will call this diagram 
the reachability diagram o f the vector addition system- V . 

As an example, we give the reachability diagram corresponding to the 
vector addition system of example 2.3.1. 



(1,1,0,0) 



(0,0,1,1) 




(1,0,0,1) 



(0,1,1,0) 



Figure 2.3.1 The Reachability Diagram for the Vector Addition System of 

Example 2.3.1 
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If the reachability set of a vector addition system is finite, the reacha- 
bility diagram is a finite-state machine, and it is practical to draw it as 
we did for our example. If, on the other hand, the reachability set is 
infinite, we must find an alternative representational tool. For this 
purpose, we introduce the following terminology: 

(1) We define a quantity w such that if n is an integer then n < <*), and 
n + cj = w. The quantity w essentially represents infinity and we discuss 
its use shortly. 

(2) A rooted tree is a directed graph such that one node (the toot node) 
has no arcs directed into it, each other node has exactly one arc directed 
into it and each node lies on a directed path from the root node. If p and 
Y are distinct nodes of a rooted tree and there is a directed path from p to 
Y> we write p < y. If there is an arc directed from p to y> then y is a 
successor of p. A node with no successors is called a leaf . With an r- 
dimensional vector addition system V = (s,W), we shall associate a rooted 
tree T(V). Each node p € T(V) is labelled with an r-dimensional vector 4(P), 
where each element of j£(p) belongs to the set N f <*>} . A recursive procedure is 
given below for the construction of T(V). Note that the label for a node 

is assigned when the node is added to the tree. 

(1) Create a root node and label it s. 

(2) Let p be a node in the partially created tree with no successors. 

If, for some node y, y < p and i,(y) = £(P), then p is a leaf in T(V) . Other- 
wise, for each w € W such that w + X(p) 0, add a node p and make it the 

w 

successor of p. For each p the ith coordinate of j&(p ) is assigned as 

w w 

follows : 
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(i) If there exists Y < P such that £(y) < j&(0) + w and 

w 

A(Y) i < (A(P) + w) £ then X(p w ) i - to. 
(ii) If no such y exists, then A(p V = (A(0) + w) . 
(3) Repeat step (2) until no new nodes can he added to the tree. 
We show in Appendix I that for any vector addition system V, the tree 
T(V) is finite. 

Example 2*3*2 . As an example (taken from Karp and Miller), consider the 

following vector addition system V = (s,W). 

s = (1,0,0,0,0) 

W= {(-1,1,0,0,0), (-1,0,0,1,0), (0,-1,2,0,0), (0,1,-1,0^0), (0,0,0,-1,2) 

(0,0,0,1,-1)}. 
The rooted tree T(V) is : J[0,0,u,0,0)^<0,<D,u>,0,0) 

-(0,1,0,0,0M0, 0,2,0, 0)-*<0,l,tt,a,o/ \o,u},a>,0,Q) 

/ *(o,«,«,o,q) 

(1,0,0,0,0) (0,0,0,0,»)-*(0,0,0,a>,a>) 

\o,0,0,l,0)-»<0,0,0,0,2)-KO,0,0,l,a>l 

*(0,0,0,&>,a>)-^(0, 0,0, &>,<>)) 

(0,0,0,ai,«) 
Figure 2.X.2 

All our decidable results about vector addition systene reduce to inspecting 

the tree T(V) and using the following theorem. 

Theorem 2.3.1 ; For any vector addition system V and any integer vector x 
of the same dimension 

(3y 6 R(V) such that x < y) » (3 p € T(V) such that x < X(p)). 
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Proof ; Given in Appendix I. 



Corollaries 



The following questions are decidable: 

Corollary 2.3.1.1 

V y € R(V) is (y) . ^ n for some finite n? 

Corollary 2.3.1.2 

V y € R(V), is a given set of elements of the vector y simultaneously 
bounded? 

Corollary 2.3.1.3 

Is R(V) a finite set? 

In addition, if the questions in Corollaries 2.3.1.1 or 2.3.1.2 are true, 
the bounds can be effectively computed. For the vector addition system 
in Example 2.3.2, we see that V y € R(V) , there are elements which be- 
come unbounded, and hence R(V) is infinite. Furthermore, the elements 
that can become simultaneously unbounded are (3), (5), (2,3) or (4,5). 

Petri Nets and Vector Addition Systems 

It is easy to see that for every marked Petri net there is a correspon- 
ding vector addition system. Let us explore this issue in detail. 

Let ?be a Petri net with initial marking M. We can construct an 
equivalent vector addition system V = (s,W) as follows: 

The dimension of the vector addition system is made equal to the 
number of places in the Petri net, and the starting vector s is taken to 
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be the initial marking of the net. It now remains for us to show how 
to construct the set of vectors W. Consider a marking M' in the marking 
class M, at which a transition t fc is enabled. Since the firing of t h 
decrements the token content of each of its input places by one, and 
increments the token load of each of its output places by one, we can 
represent a firing of iv by adding a vector w to the- marking M* to yield 
the marking that results when transition t- is fired. The elements of the 
vector w. are given the following values: 

+1 if the corresponding place is an output place of t^. 

-1 if the corresponding place is an input place of t^. 
otherwise (we are assuming that there are no self -loops in (r ; 
see figure 2.3.3). 



(J. 1 



Figure 2.3.3. A Self ■loop 

We now assert that the vector addition system V is equivalent to the 
Petri net ^with marking M in the following sense: 

(a) For every marking M € M, there exists a vector y € R(V) such 

that y = M . 

(b) A vector addition sequence v is a sequence of vector additions 
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wj + . . . + w s such that it transforms a vector y. to vector y . i.e., 
v. > ■ y where 

V = W. . . .w . 

J s 

We see that corresponding to every vector addition sequence v there 
exists a firing sequence a = t ...t in the Petri net ^, and vice versa. 

We now establish some decidable results for Petri nets based on the 
decidability of the corresponding issues for Vector Addition Systems. 

Theorem 2.3.2 It is decidable if a given marking M for a Petri net (P 
is bounded. 

Proof : Let ^ be a Petri net and M its initial marking. By the construc- 
tion above, we can find an equivalent vector addition system V = (s,W). 
From Corollary 2.3.1.2, we know that the following is decidable: 

Given any vector y € R(V), is a given set of elements of y simul- 
taneously bounded? 

Thus, it is decidable if M is bounded for the Petri net 'P . 

a 

We can now establish the following result: 

Theorem 2.3.3 It is decidable if a given marking for a Petri net is 
live and bounded (i.e., if a given Petri net is LB). 

Proof : Since we can decide if the given marking is bounded, we proceed 
to show that there exists a decision procedure to decide if a given 
bounded marking is live. For a bounded marking, the reachability set 
of the corresponding vector addition system V is finite. Hence, the 
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reachability diagram for V is finite. The marking M is live iff for 

any marking M* t M there exists a firing sequence that fires every 
transition in the net. In terms of the reachability diagram, this 

means that starting at any vertex y. and given a vector w, € W, there 

must exist a vector addition sequence that contains w. . 




v 
k 



o / 6-/— 



t t 

I 

V 






Figure 2.3.4 

Consider figure 2.3.4. Find the set of vertices {y_, y 2 , ...y } in 
the reachability diagram which have v. as an outgoing arc. We have to 
find if there exists a directed path from y to at least one vertex in 
this set. Since the graph is finite, this can be done by exhaustion. 
The procedure is repeated for every vector w. € W, starting at the 
vertex y. . We now choose all the vertices in turn and carry out this 
test. The total number of tests involved is |w| X |r(V)| where 

|w| = the number of vecoors in the set W. 

|r(V)| ■ number of vectors in the reachability set of V. 
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Since both quantities are finite, the algorithm must terminate. This 
proves the required result. ■ 

We now prove another theorem for a Petri net with a bounded marking. 

Theorem 2.3.4 It is decidable if a bounded marking M for a Petri net *? 
is persistent. 

Proof ; To check if a bounded marking is persistent, perform the following 
test for every marking in the marking class: 

Let M' be a marking in the marking class M, and let {t* t' ...t*} be 

12 n 

the set of enabled transitions. Let the firing of a transition 

t' 
t£ 6 ft J, ••• t n } le ad to the marking M£, i.e., M' £-» M£. 

For the firing of each transition t', we check to see if all other 

enabled transitions t^ i t* are still enabled. If not, the marking M* 

is not persistent. If the marking M* is persistent for all of its 

enabled transitions then we check the next marking in the marking class, 

and so on until all markings M' € M have been exhausted. The marking 

M is persistent iff all markings M' € M are persistent for their enabled 

transitions. Since the total number of tests to be performed is finite 

and bounded, the algorithm must terminate. ■ 

This concludes our discussion of decidable issues in Petri nets. 

We have so far looked at Petri nets in terms of their markings and their 

marking class. In the next chapter, we look at Petri nets in terms of 

their structure. 



CHAPTER 3 
RELEVANT RESULTS FROM PETRI NET THEORY 

3.1 State Machine Decomposable Petri nets 

In Section 2.1, we saw how an asynchronous concurrent system can be 
viewed as an ensemble of Interacting components, where each component is 
structurally similar to the finite-state machine of automata theory. Each 
component has a finite number of allowable states; since we are concerned 
with systems which have no redundant operators (see Section 2.1), the 
Petri nets of interest are LB. We will use a restricted class of Petri 
nets known as IB SB) (State Machine Decomposable) Petri nets to model 
asynchronous concurrent systems. In this Section, we formally define the 
notions of state machine and SMD Petri nets. 

Definition 3.1.1 A closed subnet * of a Petri net P is a strongly- 
connected Petri net <P*, T\ A*> where 

P* £ P is a set of places , 

T* c T is a set of transitions , 

A* £ A is a set of arcs , such that 
,p« m pi. s x', and 
A' = [(P' X T') U (T* X P')l A. 

The Petri net N in Figure 3.1.1 has five closed subnets N^ N 2> N 3> N^ 
and N . Clearly, every strongly-connected Petri net is a closed subnet 
of itself, because the relation *P - P* = T is trivially satisfied. 
We are interested in identifying components or parts of a system that 
can be represented by a Petri net, and for this reason we would like to 
define a minimal structure which is part of a Petri net and is still a 
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closed subnet. 

Definition 3.1.2 A closed subnet is a minimal closed subnet if and 
only if no closed subnet can be obtained by deleting any portion of it. 
Example 3.1.1 N is not a minimal closed subnet because by deleting 
appropriate places and/or transitions, the four closed subnets N., N„, 
N_ and N, are obtained. However,, the closed subnets N., N„, N_ and N, 
are minimal closed subnets, as the reader can easily verify. 
Example 3.1.2 Consider the Petri net model of a pipeline processor 
shown in Figure 3.1.2(a). The closed subnets representing each indivi- 
dual stage are minimal closed subnets (see Figure 3.1.2(b) ).0n the other 
hand, the closed subnet in Figure 3.1.2(c) ia not minimal. All the Petri 
nets considered so far have the property that their minimal closed sub- 
nets have disjoint places. Lest the reader be under the impression that 
this is a requirement on minimal closed subnets, we would like to empha- 
size that this is not so. Consider the net in Figure 3.1.3(a). It has 
the minimal closed subnets S. , S. and S, shown in Figure 3.1.3(b). We 
will now formally define the notion of state-machine based on a suitable 
structural restriction on Petri nets. 

Definition 3.1.3 A Petri net P is a state-machine if and only if every 
transition has exactly one input place and exactly one output place. 

Example 3.1.3 For an example of a state-machine, see Figure 3.1.4. 
Definition 3.1.4 A Petri net jP is said to be covered by a set of closed 
subnets { EL, II-,... EL} if and only if 

9 - < u p. , y t. , y a,>. 

i l i i i i 
Example 3.1.4 The Petri net in Figure 3.1.2(a) is covered by the set 
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Figure 3.1.4 A State Machine 

of closed subnets {S^ S 2> S 3 } . Similarly, the *et in Figure 3.1.3(a) 
is covered by the subnets of Figure 3.1.3(b). 

Definition 3.1.3 A Petri net *P is SMD (State Machine Decomposable) iff 
every minimal closed subnet is. a state machine and there exists a set of 
state machines {S-,...S.} which covers the net. 

Example 3.1.5 The Petri nets in Figures 3.1.2(a) and 3.1.3(b) are SMD. 

On the other hand, the net in Figure 3.1.1(a) is not SMD, because the 
minimal closed subnets N_, N„ and N, are not state machines. 
Definition 3.1.6 The token content of a Petri net <P, T, A> with a 
marking M is the number of tokens on all places in the net, and is given 

by N(P) = XM(p.) 

p i €P 
Lemma 3.1.1 The token content of a marked state machine is invariant 



under transition firings. 
Proof Suppose we consider a state machine ■* = (P, T, A) with mar- 
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king M. The only way in which the token content N(p) of the state machine 
can change is by the firing of a transition. However, the firing of a 
transition removes exactly one token from the net and adds exactly one 
token to the net. Thus, the firing of a transition does not change the 

number of tokens on the net. 

■ 

Theorem 3.1.1 Every marking for an SMD Petri net is bounded. 

Proof An SMD Petri net has a finite number of state machine components. 

Let these components be S-,...S. . Also, by Lemma 3.1.1, the token content 

of each state machine is invariant. Let the token content of the nth state 

machine be N(P ). Now, recall the definition of a bounded marking for a 
n 

Petri net. We have to show that for each place p in the net, there exists 

-» 
an integer Z(p) such that M(p) £ Z(p) for each M in M. 

Let S ,,...S be the set of state machines which contain place p. 
pi pm 

Then, if H(S ,),... NCS ) are their respective token contents, we see 
pi pm 

that Z(p) * minf H(S ,),... K(S )I. If Z(p) were greater than 

pi pm 

min [ N(S ,),... N(S )1, it would imply that there exists a state machi- 
pl pm 

ne S. such that Z(p) > ^(S.), which is impossible. Hence, for each 
place p in the net, we can find an integer Z(p) which bounds its token 

content. This proves the Theorem. 

■ 

Corollary 3.1.1.1 It is decidable if any given marking M for an SMD 
Petri net *P is live. 

Proof By Theorem 2.3.3, it is decidable if a bounded marking M for 
Petri net ^is live. Also, since any given marking for r is bounded, 
the desired result follows immediately. 
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This result is useful because it tells us that we can decide if a given 
marking M for a Petri net (P is live, but it does not give us an effec- 
tive procedure for constructing a live marking for ™. We will look at 
this issue in Sections 3.3 and 3.5. Before we proceed to the next Sec- 
tion, we give the reader an example which illustrates the descriptive 
power of SMD Petri nets. The example of the pipeline processor we gave 
in Figure 3.1.2(a) was that of a deterministic system* In Figure 3.1.5, 
we give an SMD Petri net model of the pipeline processor for the compu- 
ter system with three instruction types which we discussed in Section 
1.2 (see Figure 1.2.3). Figure 3.1.6 shows the net in Figure 3.1.5 
split up into its state machine components, which are labelled S^ throu- 
gh S Q . The reader will note that the decision about processing an instr- 
uction after it has been decoded can be made in the state machine S^. 
Place p in state machine S_ has three output arcs, one for each instruc- 
tion type. We said in Section 1.2 that in order to estimate the pro- 
cessing rate of such a pipelined processor, we must know the relative 
frequency of occurrence of each of the instruction types A, B and C. In 
other words, we must know the relative frequency of occurrence (or the 
probability) of each of the output transitions of place p. Thus, on the 
average, the rates at which each instruction type occurs will be reflec- 
ted in the number of times each of the transitions t^, t fe and t^ fires 
in the long rttn. We continue this train of thought in the next Section, 
where we present the important notion of consistency . In the meantime, 
the reader should explore the descriptive power of SMD Petri nets by 
constructing examples of his own. 
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3.2 Consistent Petri nets 

In this Section, we will look at the number of times any transition 
in an LB Petri net can fire relative to the other transitions in Che 
net. We will first need some definitions. 

Definition 3.2.1 A current assignment for a Petri net ^ - <P,T,A> is 
a function $ that assigns to each transition t € T a positive rational 
number cp, called its current. A current assignment for a Petri net 
must satisfy the following two constraints: 

(1) Every arc carries a current equal to that associated with the transi- 
tion it is connected to. 

(2) At every place, the sum of the currents on the input arcs must equal 
the sum of the currents on the output arcs (i.e., Kirchoff's current law). 

Definition 3.2.2 A Petri net is consistent iff it has a current assign- 
ment i with «p. > for each t . € T. 

Checking the Consistency of a Petri net 




P 4 



Figure 3.2.1 
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Consider the Petri net shown in Figure 3.2.1. Let each transition t in 
the net be assigned a current «p . . For each place, we can write an equa- 
tion that specifies a constraint on the input and output currents. 



V 


-*1 


■'2 


V 


+ ?! 




V 




+ <p 


V 







* 9 4 =0 ... (1) 

- cp 3 = ... (2) 

- q> 3 = ... (3) 
+ <P 3 - cp^ =0 ... (4) 



From Equations (2), (3) and (4) we get, 



?! " <P 2 = *3 



cp 4 - <p (say). 



This violates Equation (1), which requires that 

<P 4 - <?! + <P 2 - 2<p. 



We conclude that the net in Figure 3.2.1 is not consistent, or is 
inconsistent . A slight modification of this net leads to the consistent 
net of Figure 3.2.2. 




Figure 3.2.2 
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The reader will note that all we have done is to feed another current of 
magnitude <j> into the place p . The equations become 
Pl : - ♦. 



v l Y i 



P 3 



P 4 



P 5 
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- d> = 
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These equations are, indeed, consistent and we get the following consis- 
tent current assignment: 

$ 1 - <|> 2 - $3 = <|> 4 - <t> 5 - 4> » where <t> is any 
non-zero real number. 

Consider a consistent current assignment for a Petri net s . Multi- 
ply all currents by the least common multiple of their denominators, and 
divide each resulting current by their greatest common divisor. The 
resulting currents are said to form a minimal integer consistent current 
assignment for 'P . The reader will note that consistency is a purely 
structural property of a Petri net. The following Theorem and discussion 
explain the relationship between the notion of consistency and the 
structure of LB Petri nets. The ideas in the following material have been 
partly inspired by Baker [B4]. 

Definition 3.2.3 Let Pbe a Petri net with marking M. A cyclic firing 
sequence is a firing sequence a which fires every transition of ^at 
least once and brings the marking of the net back to M. 
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Deflnitlon 3.2.4 The firing count of a transition t in a firing se- 
quence a is the number of occurrences of t . in a . The firing vector ¥ 
of a firing sequence a is a vector whose ith element $(i) is the firing 

count of transition t . 

i 

Theorem 3.2.1 A Petri net t is consistent if and only if there exists 
an initial marking M for which there exists a cyclic firing sequence. 

Proof ; Necessity 

Consider the minimal Integer. consistent 'current assignment derived from 
the given current assignment. Let this current assignment be % . We will 
show how to construct a finite firing sequence a Whose firing vector <F 
is such that ij»(i) is the current through transition t . . We construct 
the marking M as follows: M(p k ) must be big enough so that firing its 
output transitions t. e p* ${!) times does not drive the token load of 
p fc negative, i.e., M<p) - £ *(*) • 

4 

Under this marking, a cyclic firing sequence a is given by 

*•_ • • • w 

1 n 

where t ...t are the transitions in the Petri net P . Since * is a 

1 * 
consistent current assignment, the firing sequence a is such that for any 

place p , the number of tokens removed by a is equal to the number of 
k 

tokens added by a to p.. The marking M' after a has occurred is the 
same as the marking M before the occurrence of a , so that o is a cyclic 
firing sequence. 
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Sufficiency Let <J be a cyclic firing sequence for the net, and let 
f be the firing vector of a . With each transition t ± , associate an 
integer valued current equal to f(i). By definition of current, each 
input and output arc of t has a current f(i) associated with it. Under 
this assignment, every transition has been assigned a non-zero integer 
current, and each transition has been assigned a unique current. Nov 
consider any place p . By the definition of a cyclic firing sequence, p 
has the same number of tokens before and after the cyclic firing sequence 
has occurred. This implies that the sum of the tokens entering place p 
is the same as the sum of the tokens leaving p * i.e., the sum of the 
input currents equals the sum of the output currents for every place p . 
This is the definition of a consistent current assignment. 

■ 

We have pointed out in Chapter 2 that LB Petri nets are the only ones 
of interest to us . We now establish the connection between consistency 
and LB Petri nets. 

Theorem 3.2.2 A Petri net 9 which has a live, bounded marking M is 
consistent. 

Proof We have to show the existence of a cyclic firing sequence which 
fires every transition at least once. Since the marking M is bounded, its 
reachability diagram is a finite-state machine. Also, since M is live, 
there must exist a strongly-connected portion of the reachability diagram 
that contains every transition name at least once. Let M' be some node 
(marking) in the strongly-connected portion of the reachability diagram. 
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We know that in a strongly-connected graph, there exists a chain (i.e., 
a sequence of directed arcs, all arcs directed in the same sense) that 
starts and ends at M' and which goes through every arc once. This chain 
can be used to describe a cyclic firing sequence, and since *P has a 
live marking, every transition name must be included at least once in 
this firing sequence. 

As a Corollary to Theorems 3.2.1 and 3.2.2, we have the following: 
Corollary 3.2.1 If a Petri net {Pis LB, then there exists an initial 
marking M for which there exists a cyclic firing sequence. 

Proof Follows by combining Theorems 3.2.1 and 3.2.2. 

For completeness, we mention that the converse of Theorem 3.2.2 is not 
true. The net in Figure 3.2.3 provides the necessary counter-example. The 
reader can verify that any initial marking of the net can lead to a mar- 
king like the one shown in Figure 3.2.3<b), at which no transition is 

enabled . 

We would like to consider the connection between consistency and the 
structure of LB SMD Petri nets, because that is the class of Petri nets 
we will use for modelling asynchronous systems. We will look at the 
concepts of cyclic firing sequence and consistency for SMD Petri nets 
in some depth in Section 3.5. Before we can do this, we look at a det- 
erministic subclass of Petri nets known as event graphs. We do this in 
Section 3.3. In Section 3.4, we complete our study of those aspects of 
Petri net theory which are relevant to this thesis. 
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3.3 Event Graphs 

Event graphs are what Commoner and Holt have called Marked Graphs [Cl] . 
We have chosen to call them event graphs because we would like to pre- 
serve the distinction between the structure and marking of a Petri net. 
In this Section, we would like to define event graphs and to state 
some results that we will need in Chapter 4, where we look at the idea 
of timing relationships between activities in deterministic systems. 
Definition 3.3.1 An event graph is an SMD Petri net in which every 
place has exactly one input transition and exactly one output transition. 



Example of an event graph 




Figure 3.3.1 An event graph 

Recall the definition of conflict given in Section 2.2. It should be 
noted that no transitions in the net are in confliet. Every marking for 
an event graph is persistent, and every event graph is a deterministic 
Petri net. The structure of event graphs enables us to define them in 
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the following convenient fashion: 

Definition 3.3.2 An event graph is a strongly-connected directed graph 

G * <V,A> 

where V = ^ V '" V J is the set of transitions 

A = {a 1 c V X V is the set of arcs , where arc a^ conne- 
cts transition v. to v . 

A marking of an event graph is a function that assigns to every arc a^ 
in the net a non-negative integer called the token load of the arc. Note 
that in this definition of event graphs, an arc corresponds to a place 
together with its incasing and outgoing arc in Definition 3.3.1 (see 
Figure 3.3.2). 



O 



An arc in Definition 3.3.2 Corresponding structure in 

Definition 3.3.1. 



Figure 3.3.2 

Figure 3.3.3 gives an event graph corresponding to the one in Figure 

3.3.1. 

Event graphs are seen to be conflict-free SMD Petri nets in which 

each simple circuit is a state-machine component. 

Theorem 3.3.1 (due to Commoner and Genrich) 

A marking for an event graph G is live if and only if the token content 
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Figure 3.3.3 
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of every simple circuit is non-zero. 
Proof 

Necessity If the token content of some simple circuit is zero, no tran- 
sition in this circuit can be fired; since the token content does not 
change if other vertices are fired (lemma 3.1.1), no vertex on this cir- 
cuit can be enabled through transition firings. 

Sufficiency Assume that the token content of every simple circuit is 
non-zero. Let v. be any transition in the net. Consider the uoaarked 
arcs entering v.. 








Figure 3.3.4 



If there are none, the vertex is enabled. If not, consider the vertices 
from which these arcs emanate. If each of these is enabled, then clearly 
v, will become enabled after all of them are fired. If some are not, 
consider the unmarked arcs entering them, etc. As we continue this 
back -tracking, we are selecting a subgraph of G which consists of v., the 
vertices from which these arcs emanate, the unmarked arcs entering them, 
etc. This process must terminate, since G is finite. Now this subgraph 



-74- 



must be circuit-free (i.e., a tree, as shown in Figure 3.2.4), since 
there are no token-free simple circuits. Thus, the subgraph must have at 
least one transition that has no incoming arcs which belong to the sub- 
graph. This vertex can be fired at the present marking of G. After firing 
it, the subgraph of token-free back-tracking from v. is reduced by one 

transition. By repeating this process, we can enable v.. 

■ 

There is one more result we will need in connection with event graphs, 

the proof of which is given in [Cl]. 

Theorem 3.3.2 A live marking for an event graph is safe if and only if 

every arc is contained in some simple circuit containing exactly one 

token. 

Example Figure 3.2.5 gives an example of an event graph with a live, 
safe marking. Note that every circuit has at least one token on it, and 
that every arc is contained in some one-token circuit. 




Figure 3.3.5 
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It is easy to see that event graphs have a live, safe marking that is 
persistent, and are thus deterministic nets. However, event graphs are 
not the only Petri nets with this property. In the next Section, we 
study a larger class of deterministic Petri nets. 
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3.4 LSP Petri nets (Petri nets with a live, safe and persiste nt marking) 

The class of Petri nets is a large one, but we will confine our atten- 
tion to LSP Petri nets because their behavior can be represented by Petri 
nets whose structure is very similar to that of event graphs. The mark- 
ed Petri net in Figure 3.4.1 is a good example of a Petri net which has 
a live, safe and persistent marking but which is not an event graph. The 
reader can verify that this net is LSP by drawing its reachability dia- 
gram, which we give in Figure 3.4.2. It is seen that in no marking in the 
forward marking class can there be more than one token on any place. Fur- 
thermore, at each marking exactly one transition is seen to be enabled. 
This verifies our claim that the net is LSP. In general, one can determine 
if a marked Petri net is LSP by using the results of Section 2.3. As we 
have pointed out before, the reachability diagram of a marked Petri net 
obscures the concurrency that is inherent in the system it represents, and 
this is precisely what happened when we drew the reachability diagram for 
the net in Figure 3.4.1. We now present an alternative means of represen- 
ting the operation of LSP Petri nets. We will do this by constructing for 
LSP Petri nets a graph known as a behavior graph , and shall explain its 
construction by means of an example. 

Representing the Behavior of LSP Petri nets : Consider the LSP Petri net 

9 shown in Figure 3.4.3(a). We begin by drawing and labelling the set 

P <~ P of marked places in 9 , (in this case 4p , p , pi )• Let 

T = (t .t \ be the set of enabled transitions corresponding to P , and 
1 1' 2 1 

note that P corresponds to the initial marking of & . Let ? 2 be the set 
of marked -places that results when all transitions in T are fired. Draw 
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Figure 3.4.1 



(1.0,1,0 



(0,0,1,1) 




(0,1,0,1) 



(1,1,0,0) 



Figure 3.4.2 
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all arcs P X T that are contained in PxT. Draw the places P' = T' . 
1 1 1 1 

Draw all the arcs T x P' which are contained in T X P. 

Define P = (P - # T ) X T" . 

This process of constructing the marked places P that results when 

all enabled transitions for P are fired is called extending the behavior 

graph from P to P . Since >P has a live marking, its behavior 
k k+1 

graph can be extended indefinitely. Figure 3.4.3(b) shows the behavior : 
graph of ^ . We now make some definitions . 



Definition 3.4.1 A chain in a behavior graph is any directed path in 

it. 

Example p t 1 p t_p t ... is a chain in ^ . 
1 J- 3 J 5 4 

Definition 3.4.2 A slice of a behavior graph ^ is a set of places 

that forms a cut-set of © . 

Note In a cut-set, no two elements of the set can belong to the same 

chain . 

Example P = {p., p„, p,\ is a slice of 3$. 

1 L 6' 

Each slice of a behavior graph corresponds to a marking of the LSP Petri 
net. 

Lemma 3.4.1 Each place in a behavior graph for an LSP Petri net must 
have exactly one input transition and exactly one output transition. 
Proof Suppose some place p in the behavior graph $ has more than one input 
transition. Then, there must exist a marking M' in the marking class of 
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LSP Petri net ^ . 
(a) 




Figure 3.4.3 



Behavior Graph & 
(b) 
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Cyclic Frustrum of 5» . 
(c) 



Steady-state equivalent net Jl . 
(d) 



Figure 3.4.3 
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the net Pin which more than one token is placed on p^ implying that r 
has a marking that is not safe. Hence, every place in £ has exactly one 
input transition. 

Also, suppose some place p In^ has more than one output transition. 
This implies that there exists a marking M* in the forward marking class 
for ^at which more than one output transition is enabled. This violates 
the assumption that ^haa a persistent marking. Hence, each place in r 
has exactly one input and exactly one output transition. 

L«fu» 3.4.2 There exists a slice in the behavior graph ® of an LSP 
Petri net *? that occurs repeatedly. 

Proof Each slice of # corresponds to a marking of & . Since *P has a 
safe marking, the number of distinct markings in the marking class for 
the net is finite. Therefore, since the behavior graph is infinite, 
there must exist a slice in #that occurs repeatedly. 

The reader is now asked to refer to Figure 3.4.3. The slice P repre- 
sents the initial marking of (P. P, does not occur again in 3J . A 
behavior graph that has slices which do not repeat is said to have a 
transient, and such slices are termed transient slices . In terms of the 
Petri net 9 , a transient slice represents a marking that cannot be rea- 
ched after an initial occurrence. The slice P (shown dotted) is a slice 
which has repeated occurrences in 3 . A cyclic f rust rum of -° is the por- 
tion of % between two consecutive occurrences of some repeated slice. In 
Figure 3.4.3(c), we show a cyclic frustrum of # bounded by consecutive 

occurrences of the slice ip , p,» P \ in $ . Since $ is derived from 

1 1 4 6' 

a persistent marking of s , only one way is possible of extending this 
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to ^P > P/> P,-\ • In general, for any slice P, of the behavior graph, 
'340' k 

there exists a unique extension P . Thus, every cyclic frustrum bounded 

at each end by the slice |p , p , pi is identical to every other cyclic 

frustrum bounded at each end by this slice. Hence, instead of drawing an 

infinite behavior graph # , we will choose some cyclic frustrum of ft and 

then coalesce corresponding slices together in the initial and terminal 

slice of the cyclic frustrum. The net so obtained is termed the steady - 

state equivalent net of P , and is shown in Figure 3.4.3(d). The marking 

M for the steady-state equivalent net a is obtained by putting one 

token on each place in the initial slice. The construction of this net 

is such that the set of firing sequences of is identical to that of 

the net r . Also, the reachability diagram of J is contained in that 

for P , there possibly being some extra states in ^corresponding to the 

transient. The reader can see this from the graph # , and it is not 

necessary to construct the reachability diagram of P . 

We have shown that in (B , and hence in jo , each place has exactly 

one input transition and exactly one output transition. a thus has the 

structure of an event graph, with the difference that certain place and 

transition names occur more than once in it. Transition t and places 

p and p occur twice, for example. Such an event graph is termed a 
J 4 

multiply-labelled event graph . We will not define multiply-labelled event 

graphs formally, but will merely say that they are event graphs in which 

certain places and transitions have repeated occurrences (or instances) . 

The LSP Petri net (P has the property that it is possible to add tokens 

to certain places and still have a marking that is live and bounded, but 

no longer safe. Tokens can be added to all places except p and p , such 

6 7 
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Figure 3.4.4 



(b) 
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that the resulting marking is live, bounded and persistent. The steady 
state equivalent net for (P with this new marking is simply the net Ji ; 
the marking for J is constructed by adding the same number of tokens to 
a place in <S as were added to the corresponding place in -r . If there are 
multiple instances of a place in £ , then tokens can be added to any of 
those instances, provided the sum of the tokens added to all instances 
of a place equals the number of tokens added to the corresponding place 
in 9 . Figure 3.4.4(a) shows a live, bounded, persistent marking for 
and Figure 3.4.4(b) its corresponding steady-state equivalent net » . 

We should mention that there exist Petri nets which have a live, 
bounded marking but no live, safe marking. Figure 3.4.5 shows such a 
Petri net. Thus, the preceding technique cannot be used to construct a 
steady-state equivalent net. 




Figure 3.4.5 
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3.5 The Structure and Consistency of SMD Petri wets 

3.5.1 Existence of a live narking for an SMD Petri net 
In Section 3.3, we saw that for event graphs a necessary and sufficient 
condition for a marking to be live is that there be at least one token on 
each simple circuit. Since a simple circuit in an event graph corresponds 
to a state machine in an SMD Petri net, the reader may be tempted to ask 
if we can get a live marking for an SMD net by adding at least one token 
on each state machine component. The nets given in Figure 2.1.9(c) and 
2.1.10(c) are counter-examples to this conjecture. In Figure 2.1.9(c), a 
subset of the transitions in the net can never be fired, whereas in 
Figure 2.1.10(c), no transition can be fired. Both are examples of Petri 
nets which do not have a live marking. We now give a necessary condition 
for a marking M for an SMD Petri net 9 to be live. 

Theorem 3.5.1 A marking M for an SMD Petri net 9 is live only if the 
token content of every state machine is non-zero. 

Proof We will show that if the token content of some state machine is 
zero, then no transition in it can be fired. Without loss of generality, 
let S be a state machine component of ^ and let t^ be a transition in 
it, i.e., if S ■ <P , Tj, L> then t ± e T . By hypothesis, the input 
place p of transition t in state machine S^^ must be unmarked. Also, by 
Lemma 3.1.1, it must stay unmarked. This implies that there is no marking 
M' e M at which transition t can be fired. Hence, the marking M is not 
live. Note that no transition in S can be fired at any marking M' e M. 

Hack[H5] has shown that a subclass of SMD Petri nets called SMA ( state 
machine allocatable) Petri nets are similar to marked graphs in that any 
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(a) 




Reduced net No. 1 




Reduced net No. 



(b) 
Figure 3.5.1 
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marking that puts at least one token on every state machine is live. We 
proceed to describe the structure of these nets in what follows. The ma- 
terial in Subsection 3.5.2 is taken from Hack[Hl, H5]. 

3.5.2 State Machine Allocatable Petri nets 

Definition 3.5.1 A state machine allocation over a Petri net <P,T,A> 
is a function B: T — *■ P such that 
V t «- T B(t) 6 *t. 

Informally, this means that for each transition in the net, we pick 
one of its input places and ignore the others. Given such a state machine 
allocation, we perform a reduction by deleting certain places and transi- 
tions in the following manner: 

Step 1 Delete all places for which at least one output arc has been 
deleted. 

Step 2 Delete all transitions that have all output places already deleted. 
Repeat Steps 1 and 2 until neither is applicable anymore. What is left 
over is the reduced net. Each step eliminates some nodes and arcs that are 
not part of the reduced net, until no more nodes and arcs can be deleted. 

A Petri net is said to be state-machine allocatable iff every state 
machine allocation gives a reduced net that is either a strongly-connected 
state machine or a set of strongly-connected state machines. We will 
abbreviate the last remark by using the contraction "SSM" to denote "a 
strongly-connected state machine or a set of strongly-connected state 
machines". In Figure 3.5.1(a) we give an example of a Petri net which is 
state-machine allocatable. In Figure 3.1.5(b), we show two allocation 
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Figure 3.5.2(a) 
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An SMD Petri net that is not SMA 



Figure 3.5.3(a) 
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Figure 3.5.3(c) Non-SMA Petri net with a live 

marking 
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reduced SSM's. Reduced net No. 1 results from allocating t to p and 

4 ^ 

reduced net No. 2 results from allocating t, to p 5 . Since each of the two 
allocation reduced nets is an SSM, the net is SMA. 

Let us give another example. Consider the Petri net in Figure 3.5.2. 
Since each of the state machine allocation reductions is an SSM, the net 
is SMA. 

We now give an example of a Petri net which is SMD but not SMA. Such a 
net is given in Figure 3.5.3. We see that two of the SMA reductions are 
SSM's and the other two are null; the net is not SMA. In case the reader 
is a little confused, we would like to point out that the property of a 
Petri net being SMA is a structural property of the net, and he will note 
that no mention has been made of markings so far. 

The reason we have introduced SMA Petri nets is that they form the 
largest subclass of SMD Petri nets we know of that has the property that 
any marking which puts at least one token on each state-machine component 
is live. This is the result presented in the next Theorem. We present 
this Theorem without proof and readers interested in the details are refe- 
rred to Hack[Hl,H5]. 

Theorem 3.5.2 ( The SMA Petri net liveness Theorem) A marking M for 
an SMA Petri net $> is live iff it puts at least one token on each state- 
machine component of the net. 

This Theorem is of interest because it tells us how to construct a live 
marking for any SMA Petri net- simply put one or more tokens on each state 
machine component of the net. The non-SMA Petri net shown in Figure 
3.5.3(a) also has the property that any marking that puts at least one 
token on every state machine is live, as the reader can easily verify. 
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Figure 3.5.3(c) shows the Petri net of Figure 3.5.3(c) with a live mar- 
king. We present the following as an open problem: 

What is the largest class of SMD Petri nets which has the property 
that any marking that puts at least one token on every state machine 
component is live? 

We now turn to examining the issue of consistency for SMD Petri nets. 

3.5.3 Consistency of SMD Petri nets which have a live marking 
Recall Corollary 3.2.1, which we repeat here for convenience: 
Corollary 3.2.1 If a Petri net ^ is LB, then there exists an initial 
marking M for which there exists a cyclic firing sequence. 

In Section 3.4, we established the connection between a cyclic firing 
sequence and the steady-state equivalent net for event graphs and LSP 
Petri nets. We now Introduce a concept similar to the steady-state equi- 
valent net in connection with live SMD Petri nets. A firing sequence, as 
we have pointed out in Section 3.4, expresses an ordering relation on tra- 
nsition firings in a fashion which obscures the concurrency that is in- 
herent in the Petri net. To preserve this inherent concurrency, we Intro- 
duced the behavior graph for LSP Petri nets . We will now introduce a more 
general concept to study the behavior of SMD Petri nets- the occurrence 
graph. This notion is not a new one, having been studied extensively by 
Holt[H6]. As we did for behavior graphs, we shall illustrate the cons- 
truction of an occurrence for an LS SMD Petri net by means of an example. 
We begin with a live, safe marking for an SMD Petri net (see Figure 3.5.4). 

Construction of Occurrence Graph Begin by drawing every marked place 
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Figure 3.5.4 
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Occurrence Graph No. 1 




Occurrence Graph No. 2 



Figure 3.5.5 
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in the net together with a token on each place (i.e., places p and p_) . 
Now, since a place may have more than one output transition, we may have 
several enabled transitions connected to the same place. In event graphs 

■■" : V 

and LSP Petri nets, we saw that every place has at most one transition 
enabled at any marking. This is not necessarily Irue for SMD Petri nets. 
As an example, consider the marked Petri net of Figure 3.5.4. Both the 
output transitions t and t of place p are see*, to be enabled; since we 
can fire only one of these transitions, we must make a choice between them 
and fire the one we choose. We will extend a place in an occurrence graph 
by drawing the output transition chosen for 4lrthg, firing that transition 
and then drawing the new marked place (s) that result. A slice of an occu- 
rrence graph is a set of places that forms a cut-set of the graph. We can 
talk about extending a, slice in the same way as we did for behavior graphs , 
the difference being that a choice may have to be made between enabled tra- 
nsitions. In the construction of a behavior grapjf, there never occurs a slice 
for which a choice has to be made between output transitions. Thus, there is 
only one behavior graph for an event graph or an LSP Petri net, and this 
graph is unique. On the other hand, several occurrence graphs may be possi- 
ble for LS SMD Petri nets. In Figure 3.5.5, we show two possible occurr- 
ence graphs for the net in Figure 3.5.4. The reader will realize that an 
infinite number of occurrence graphs is possible for this net, or, for that 
matter, in any LB net with a non-persistent marking. 

Now let us apply Corollary 3.2.1 to the occurrence graph for an LS 
SMD Petri net. An occurrence graph is a concurrent representation of a 
firing sequence for a Petri net, and each slice represents a marking 
of the net. A repeated slice thus represents the repeated occurrence of 
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Figure 3.5.7 Cyclic Frustrum 
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Flgure 3.5.8 c-equlvalent net 
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some marking. The portion of an occurrence graph between two consecutive 
occurrences af a slice is termed a cyclic f rust rum , and corresponds to a 
cyclic firing sequence for the marked net. Theorem 3.2.1 tells us that 
for any consistent current assignment for an LB Petri net, we can find 
a cyclic frustrum in the occurrence graph of the net. The number of 
occurrences of any transition in the cyclic frustrum* equals its current 
in a consistent current assignment. 

Example 3.5.1 Consider the SMD Pejfcri net of Figi|re/|L,5.4. In Figure 

"f*\ '" t ""'"V ■ f """ " *■'■■. 

3.5.6, we show this Petri net with a minimal integer consistent current 

assignment. We draw the occurrence graph as diseussed earlier, and Figure 

3.5.7 shows a cyclic frustrum of this occurrence graphs in which the multi- 

- .. . ■ f 1 
plicity of each transition equals lips associated current in the consistent 

current assignment exhibited in Figure 3.5.6. We now coalesce correspon- 
ding places in the repeated slice in^4 manner similar to what we did for 
behavior graphs. The resulting strongly-connected net is termed a consis- 
tency -equivalent net for the SMD Petri net, abbreviated to "c-equiva- 
lent net" . The c-equivalent net for £he cyclic : :: tVU&ttf&'x&'fi&xt* 3.5.7 
is shown in Figure 3.5.8. 

Let us now note some facts about the relationship between an SMD Petri 
net and its c-equivalent Petri net . Let us begin b# »*yin$ that we will 
consider only minimal integer consistent current assignments. Note that 
the c-equivalent net of an SMD Petri-net -? is-npt unique. Figure 3.5.9(a) 
shows an SMD Petri net *P with a minimal Integer consistent current assi- 
gnment. The net *P has several c-equivalent nets, two of which are 
shown. We observe that in the construction of a c-equivalent net for .an 
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Minimal integer consistent current assignment 
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Figure 3.5.9(a) SMD Petri net *P 
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Plgure 3.5.9 (b> 
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SMD Petri net & with a minimal integer consistent current assignment, 
each state-machine in 9 corresponds to a circuit in the c-equivalent net. 
We formalize this In the following Lemma. 

Lemma 3.5.1 Let P be. an LS SMD Petri net with a minimal integer consis- 
tent current assignment * , and let € be a c-equivalent net for P . Then, 
every state machine component in P corresponds to a simple circuit in € . 
Proof Let 7 be the cyclic f rust rum corresponding to • . Applying 
Theorem 3.5.1, we see that the initial slice of ? most contain at least 
one place from each state-machine in & . Now consider a chain in 7 boun- 
ded at its extremetles by two consecutive instances of some place p . In 
J , this chain corresponds to a simple circuit. By fehe construction 
procedure for occurrence graphs, it is obvious ghat e«tch state' machine in 
corresponds to a chain in 9- . This proves; th* Lemma. 

Example Consider the LS SMD Petri net of Figure 3/. 5 *6 . Each of the two 
state machines corresponds to a circuit in the c-equivalent net shown in 
Figure 3.5.8. Note that there are two circuits in the c-equivalent net 
which do not correspond to any state-machine , in tke SMD Petri net .An 
example of such a circuit is p2 t 4 p 5 t 5 p 4 t 4 p 3 t 3 p 2 t 2 P l t i P 2 * 

Since the c-equivalent net corresponds to a cyclic firing sequence for an 
LB SMD Petri net, we see by applying Theorem 3.2.1 that the multiplicity 
of a transition in the c-equivalent net must equal its current in a mini- 
mal integer consistent current assignment. 

To recapitulate the main results of this Section, we have the following: 
(1) We have introduced the subclass of SMD Petri nets known as SMA Petri 
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nets, which have the property that a marking is live if and only if each 
state machine contains at least one token. Tht» is the largest class of 
SMD Petri nets known to date that has this property. 

(2) We have introduced the c-equivalent net of a Petri net which has a 
live, bounded marking. For SMD Petri nets, we have seen that every state- 
machine corresponds to a circuit in a c-equivalent net. The converse is 
not true in general. 

We now turn to the issue of applying Petri net theory to the analysis 
of asynchronous concurrent systems. 



CHAPTER 4 
TIMED PETRI NETS 

4.1 Timing In Petri Nets 

In our discussions so far, we have not entered Into any timing con- 
siderations In connection with Petri nets. Thus, while SMD Petri nets 
can model the structure of asynchronous concurrent systems, they do not 
contain enough information to be used for a study of issues of perfor- 
mance of the type discussed in Chapter 1. In defining Petri nets, we 
made no assumptions about the length of time it takes for a transition 
to fire. In real -world systems, activities do not take place instan- 
taneously. Every activity in a system has a time duration which is 
different from zero, and in all the systems we will model, we will 
make the added assumption that all activities complete in a finite 
amount of time. In the Petri nets that we use to model these systems, 
we will assume that every transition takes a bounded, non-zero amount 
of time to fire. The resulting model of asynchronous, concurrent systems 
is termed Timed Petri nets , and is formalized below. 

Definition 4.1.1 A Timed Petri Net is a pair < 9,0) where ^ is a 
Petri net (P,T,A) and fi is a function that assigns a real, non- 
negative number T. to each transition t. in the net. 

fi : T » ">\ {^ is the set of non-negative real 

numbers } . 
This non-negative real number T. • 0(t ) is termed the firing time 



of transition t_. 
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The operation of the net can now be assumed to take place in real time. 
At any instant T of real time, the net has a marking M(t), with the 
understanding that we may view M both as a vector and a function. We 
denote the initial marking as M(0). We write |C(T,p) lor y K(T)(p), i.e., 
the number of tokens o* place p at time r. A transitionit . is said to 
be enabled at time r if and only if every input place of transition t. 
has at least one token on it, i.e., 

M(T,p k ) * 1 fox all p k € •« 1 . 
When transition t. is enabled, a firing can be initiated . When a firing 
is initiated, a token is removed from each input place of t. and 
transition t. is said to be executing . This execution phase lasts 
for r t seconds, where r^ is the firing time of transition t.. At the 
end of this time duration, the firing of transition, t . . terminates , and 
a token is placed on each output place p. € t *. This completes the 
firing of transition t.. 

The three phases of a transition faring can be visualized by imagining 
every transition as consU ting of two transitions and an intermediate 
place as shown in Figures 4.1.1. The firing time of the transition t. 
can now be associated with the place it in the following fashion: 
When transition t ± initiates, t' fires instantaneously, a token 
Is removed from each input place of jt', and a token is deposited on 
place «. . This token is held by place *< for a duration equal to T. , 
the firing time of t ± . At the end of tl|is interval, transition t^' 
fires, corresponding to the termination of t.. 

The initiations and terminations of transitions in a Petri net must 
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Figure 4.1.1 



satisfy the following balance equation: 

Notation 

Let p be a place in a Petri net *P . Let t..,...t. be the input 

11 in 

transitions and t.., ...t. the Output transitions of p. 

Let I(r,t) denote the number of initiations of transition t up to 

and including time T, 
and T(T,t) denote the number of terminations of transition t up to 
and Including time r. 
Then, if M(0,p) Is the number of tokens oh place p at time zero, and 
M(T,p) that at time T, the following must be satisfied: 

M(0,p) + T(T t t n )+...+ T(T,t ln ) - MCJ-.P) + 1(1-,%^) +...+ KT,t Jm ) 
We will refer to this as the token h«1«n«a aauiitW. »t»H «rM1 m«1»> use 
of it in later sections. A word now about the choice of a firing time 
for a transition in a Petri net. 
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We have defined t ± to be a non-negative :£*ak$lBmbW» thereby assu- 
ming that the duration of each 4 activity is fixed. This may not be a very 
accurate picture of real -world systems, fie* , in practice, the execution 
time of an operator depends upon the data it is called upon to handle. 
In a floating -point adder, for example, the add time will depend upon 
the arguments and their e x p on en t s. Thus, 1% mtty4ie more reasonable to 
assume that a transition firing time is a raSdom variable whose distri- 
bution can be represented by a rectangular distribution of the form 
shown itfFigure 4.1.2* 
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Figure 4.1.2 



We will return to a consideration of statistical firing times in Section 
4.5. 
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4.2 ifrnomic Behavior of TtoesV Petri Bete 

In Chapters 2 and 3, we introduced the ideas of firing sequence and 
behavior graph to characterise the ajct^»| of .JPe^tl nets. For timed Petri 
nets, we have postulated the existence of .. { a ,re^r#,ine axis against which 
the firing of transitions can be, noted, at time se*?,, the net has a 
marking M(©K Transitions are allowed $0/3l£*n» -^s»j*,tl^..tisia.. : ^t which 
the firing of a transition takes place ie r^sec^eja^jln^s *•*** ■ fcno B l '.*l 
a firing achedul*. 

A firing schedule for a timed Petri net is a s«£ >of sequences of ini- 
tiation and termination times for the transitions of a net. The firing 
of a transition is feasible if the transition was enabled at the instant 
the firing was initiated. If every firing in a firing schedule ts fea- 
sible, the firing schedule is feasible . A firing schedule is infeasible 
(or not feasible) if it calls for the initiation or termination of an 
activity earlier than allowed by the termination of other activities. 
Figure 4.2.1 is an example of a timed Petri net and Figure 4.2.2 gives 
a feasible firing schedule for it. 



Pi 




Figure 4.2.1 A Timed Petri net 
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Figure 4.2.2 Feasible Firing Schedule for TlMfcd Petri »et in Figure 4.2.1. 
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Flgure 4.2.3 gives an infeasible firing schedule for the same net. The 
starred entry Implies that the third Initiation of transition t_ takes 

» 

place at r ■ 30; this is impossible, because the third initiation of 
t cannot take place before the termination of the fifth firing of t,, 
which happens at T * 31 units. 

Readers will note that in the feasible firing schedule of Figure 
4.2.2, the Initiations of transitions t., t„ and t. take place at regu- 
lar intervals. For, example, consecutive initiations of transitions t. 
and t. occur at intervals of 12 time units. Transition t_ behaves in 
a slightly different fashion. We notice that the first, third, f if th, . .. 
transition initiations occur every 12 time units, i.e., alternate 
initiations occur every 12 time units. ,. 

A firing schedule with this property is termed a periodic firing 
schedule . If all transitions in the net can have consecutive initia- 
tions at regular intervals, we would term this a : strongly-periodic 
firing schedule . The computation rate of a transition is the average 
number of firings of that transition in unit time. We can see that 
transitions t. and t„ have a computation rate of; once every 12, time 
units, or 1/12. Transition t, has a computation rate of twice every 
12 time units, or 1/6. These computation rates are the maximum rates 
possible for the transitions. 

The Petri net in Figure 4.2.1 is seen to be an LSJP net, so that it 
represents a deterministic system, and its steady-state equivalent net 
is the multiply-labelled event -graph shown in Figure ^,2. 4. The 
multiplicity of transition t_ is 2, while that of both t. and t- is 1. 
A consistent current assignment for the net «p. « tp_ - 1, tp- « 2. 
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Figure 4.2.4 Steady-state equivalent net for the Petri 
net in Figure 4^2.1 



We note that the computation rates of transitions t., t„ and t, are in 
the ratio of their currents in a consistent current assignment. Before 
we can justify this, we look informally at the computation rate of 
transitions in an event graph; successive generalisations of the ideas 
presented below will lead us to all results of Interest in this thesis, 
including the computation rate of transitions in timed SMD Petri nets. 



Consider the simple circuit shown In Figure 4.2.5, in which each 
transition t L has an associated firing time t . We will begin by assu- 
ming that the circuit has one token on it, an d will then extend the ana- 
lysis ton tokens. With one token on the circuit, each transition can fire 
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In turn over and over again. Suppose that the circuit is denoted by 
p t p t ...p.t , and suppose (without loss of generality) that initially 
the token is on place p.. Let n ■ T. + t +. . .+ T , Then, the token 
fires every transition in the circuit In tmrn and reappears on p t every 
it seconds, assuming that no time is allowed to elapse between a tran- 
sition being enabled and being initiated. Under tjhis assumption, every 
transition initiates at intervals of it seconds, and ft is the period of 
the firing schedule for the circuit that realizes 'the maximum computation 
rate. The computation rate is easily, seen to be;p ■ l/x. Now suppose that 
the circuit has n tokens on it instead of 1. For the combined action of 
the n tokens, the firing rate becomes n/jt, or n ..■-.' Every transition 

F T 'i 

in the circuit has a maximum computation rate given by this expression. 

Let us now consider transitions in a timed event graph. We know 
from Theorem 3.2.1 that in an event graph with a live marking, the token 
content of every simple circuit is non-zero. Thus, let the token content 
of a circuit C. be a, where n. 4 0. Also, let x^ denote the sum of the 
firing times of transitions in C. . If every circuit were by itself, the 
transitions in circuit C. would have a computation rate of n. / x^. 
However, in a strongly-connected event graph, the circuits are inter- 
connected and intuitively it is clear that they will affect each others 
natural computation rate (I.e., the computation ri#i the transitions in 
a circuit would have if the circuit were isolated "from the other cir- 
cuits) . 

Now, without loss of generality, let (^ be the circuit with the sma- 
llest natural computation rate n /x^. Clearly, all transitions *!_]_» ••• t n 
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1+1 



i+1 



Figure 4.2.5. 
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€ C. have a computation rate that cannot exceed n i/ ,t i ( see Figure 
4.2.6). 




fc 2m 



Figure 4.2.6 

Extending this argument, we see that if there exists a directed path 
between any two transitions in the event graph, they must have the same 
computation rate. Since every transition is on some directed path from 
transitions t,., t... ••• t li » we conclude that all transitions in the 
event graph must have the same computation rate, which cannot exceed 
n./*.. What this means is that in any timed event graph <G,Cl>, all 
transitions have the same computation rate, which cannot exceed 
min | »]_/*!_» • • • \f\ J 

where C-....C. are the simple circuits of the graph, 
n. is the token content of circuit C., and 
n is the sum of the firing times of transitions in circuit C^. 
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We have been able to obtain, informally, a bound on the computation rate 
of transitions in a timed event graph. In the next Section, we will 
show that this bound can actually be realized. 
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4 T 3 Timed Event Graphs 

In the previous section, we saw informally how we could obtain a 
bound on the steady state computation rate 6f a timed event graph. 
Here, we will show that the bound we have obtained is actually 
realizable; furthermore, we will show that there exists a strongly 
periodic firing schedule for which the transitions have a computation 
rate equal to the bound. 

We will use the notation for event graphs given in Definition 3.3.2. 
To recapitulate, let Abe a timed event graph <G,ft) where 

G is a strongly-connected event graph <V,A). 
Recall that V » {v^v^ . . .v m ) is the set of transitions. 
A « («£*} c V x V is the set of arcs. 
a . is an arc that connects transition v. to transition v.. 
is a function that assigns to each transition v^ a firing time t ± , 
i.e., 0: V — » * (where It is the set of non-negative real numbers). 
We write r ± for n(v ). 

Let M(0) be the initial marking of the net. Recall that M is used 
interchangeably as a vector and a function. For event graphs, 

M(r,a .) will denote the number of tokens on arc a^. at time j. 
Arcs in event graphs will be treated in the same way as places in un- 
restricted Petri nets. 

We now proceed to formalize the definition of a feasible firing 
schedule for timed event graphs. 
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Definition : A firing schedule S for a timed event graph A is a pair 
<S_, S ) such 'that" 

Sj. : T| x V »-1fc 

S T : Tl x V — **, fl - {1,2...} 
and S T (n,v i ) - Sj.fa.Vj,) + t ± . 

S_(n,v. ) is the nth initiation time of transition v.. 
S_(n,v.) is the nth termination time of transition v.. 



A firing schedule for a timed Ifetri net may not be realisable because 
some transitions are specified to fire when they are not enabled. A 
feasible firing schedule is one that does not violate this requirement. 
We now show how to determine the marking M(r) at any instant of time r 
for a timed event graphic which haa a feasible firing schedule S. 

■ - ■"- ■-*" \.»V" 

Notation : At any instant of time r in a firing schedule S for timed 

event graph £, 

1 (t,v. ) denotes the number of initiations of transition v. up to and 

including time t. 
T (t,v.) denotes the number of terminations of transition v. up to and 

including time t. 
Let a.. ■ (v.,v.) be an arc in the event graph 6. 
By token balance 



• (■■ 



MOr.a^) -M(0,a i:j ) + t^t.v^ - i^t.Vj). 

Now consider the enabled transition v shown in Figure 4.3.1. If an 
initiation of v. takea place at the instant t, then immediately prior 



-121- 



to instant r, there must have been at least one token on every Input 



arc of v.. We will use the notation t" to denote an instant (t."€) where 
€ — » 0. t" will, for all practical purposes, denote the instant t 
itself. 



1 a' 

Definition : A firing schedule S for a timed event graphs is feasible 
iff for any transition v. and for k ■ 1,2,3..., we have 
V a^ € -v jf lKSj'rk.Vj]", * ±i ) 2= 1 

where Sjtk.v,]" denotes the instant just prior to S-CH.v.]. 




Input arcs of 
transition j 



Figure 4.3.1 An instant when transition v. can initiate . 



Suppose we now consider a run of the event graph I. Consider an 
arc « i that initially had MCtr.a..) tokens on it; Soiprpose transition 
has fired n tines up to and including an instant of 'ttftiftkY* It is 
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obvious that in the same interval of tine, transition v , could have 
fired at most M(0,a..) + n - 1 times without driving the token content 
of arc a., negative. The (M(0,a.,) + n)th initiation of transition v, 
must await the nth termination of transition v.. We* will show in the 
next Theorem that this is a necessary and sufficient condition for a 
firing schedule to be feasible. 



Theorem 4.3.1: A firing schedule S for a timed event graph ^ - i G »& 
is feasible iff for each arc a. . in the graph G, and for n - 1,2,3... 
S T (n,v i ) i SjCn + MCO.a^), Vj). 

This can be stated equivalently as 

SjCn^) + T± < S z (n + M(0,a 1:J ), v^). 



Proof : 

Necessity : We prove this by contradiction. Suppose there exists 
a feasible firing schedule such that for some tvlmrf some sl^ . 



S T (p 9 v t ) > Sj (n + M(0,a tj ), Vj), i.e., 



SjKvj^) + r t > Sj(n + 14(0,8^), Vj ). 



Let t ■ S (n + M(0,a..), v ) and therefore 
I s (t,Vj) - n + MCO.a^). 



Since f < S^ri.Vj), we hive Tgtfiv^) < n. 
Using token balance. 
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MCr.a^) - M(0,a tj ) ..+ Tgfr.Vj) - IgCr, Vj ) 



11(0,*^)' + T g (T,v i ) - n - MCO.a^) 



- Tgfr.Vj) - n 



i.e., Mfr.a^) < 

This is the desired contradiction of feasibility of S. 



Sufficiency : Suppose S is a feasible schedule, and consider any instant 
of time r > such that 

SjO* + MCO.a^), v^) = t 

We wish to show that for the instant t" just prior to an initiation of v. 

M(T\a i:} ) * 1. 
Now, at time t", 

M(T",a tj ) - M(0,a ij ) + TgOr"^) - (n + H(Q,« 1 ^) - D 



•T s (T~,v ± ) - n + 1 



but 



Tgfr'.Vj^) * n. 



Hence, 



MCr",*^) * 1 



We have introduced the idea of a strongly periodic firing schedule in 

i 

Section 4.2. We now give a formal definition of a strongly periodic 
firing schedule for a timed event graph. 
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Definltlon ; A feasible firing schedule S fot a ; tia»d event graph < fy 
is strongly periodic with period * > iff there exist real lumbers 
x. ^ such that 

S (n,v.) « x. + (n-l)»t n» 1^2%*.. ; 

tp ,1^2^*. .ni. 
The real numbers x,,...x are the displacement a of the firing times of 
transitions from the instants. 0, tf , 2«, . . . 

Corollary 4.3.1.1 : Let a., be an arc in a timed event graph ^. Then ^ 
has a strongily periodic firing schedule ^itH^peridd it > and with 
displacements x., .. .x iff Va.. € G, iie "have 

x i + T i * *j + M ( » a ij)- 

wi "\ 

Proof : Theorem 4.3.1 states that V *„ € G and for tt * 1,2,... 
SjCn.Vj) + r t * SjOi + M(0,a ), v )...[4.1]. 

By the definition of a strongly periodic firing schedule we have 
S ]; (n,v i ) - x ± + (h - 1)« 

and Sj.Cn + MCO.a^), v ) = Xj + (n + M(0,a tj ) - 1). 

Substituting into inequality 4.1, we have 

x ± + (n - 1) + t ± * x + (n + M(0,a..) * i) 

or x t + r ± ? x + MCO.a^) 

■ 

The inequalities of Corollary 4.3.1.1 can c btrl#ritten 
x j " x i * T i '" M (°» a ij) T »j_ j % G. S 
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The quantity j. - TiM(Q,a..) ia a constant for each arc a... 
Let us write 

T± - TTMCO.a^) - c^. 

Corollary 4.3.1.1 can be rewritten as follows: ' 

A timed event graph 4 haa a strongly periodic firing schedule for 

displacements x. , . . .x iff 
i m 

V a.. € G, we have x. - x. Is c,,... [4.2] 

where c ± . ■ t £ - nM^.a^). 

We would now like to investigate under what conditions the set of 
inequalities [4.2] is true. In order to do this, we make a brief 
excursion into the theory of potentials for directed graphs. The 
development given here follows very closely the material in Berge and 
Ghouila-Houri, pages 144-145 and pages 155-147 J83JU 

4.3.2 Existence of Potential Differences for event graphs 



Suppose with each arc a . . of an event graph G we associate a real 
number 8.. which satisfies the condition that for every cycle ? € G, 



Z e ij - E e ij -°- 



a ij € ? f *ij* ? " 

where §*" denote the arcs of the cycle oriented in a given sense, and §~ 
the arcs oriented in the opposite sense (see Figure 4.3.2). Then, we 
will say each e,,, represents a potential differen ce across its corresponding 
arc a... Readers familiar with circuit theory will notice the similarity 
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V 2 




l 12' * 23' a 34 € ? 



"14 



€ 5" 



Figure 4.3.2 A Cycle 

of this notion of potential difference to that used for electrical 
networks. In networks we can choose any arbitrary node to be a 
reference node and assign it a potential of sero. Hie potential of any 
node in the network is then equal to the potential difference between 
it and the reference node. We will now show that If the arcs of an 
event graph can be given a potential difference assignment, then it is 
equivalent to saying tfurt eaeh transition v^^ can be assigned a potential 
x. such that the potential difference 9.. *»*;.- X^ iWe have used Kj 
to denote the potential associated with transition v t , and have used x ± 
earlier to denote tfcw displacement associated with v^; This has been 
done intentionally. s 

Theorem 4.3.2 : A function •: A -r-e»"R which assigns e real number 9^ 
to each arc a., is a potential difference assignment iff there exists 
a function X: V — *•"* which associates with each vertex v t in the event 
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graph a real number x. such that for every arc a we have 



9 ij " X J " V 



Sufficiency ; If Q. . Is defined as given, then consider a cycle 
5 ■ CVjjVj* • • •V|^,Vjj. 

Define ? ■ +1 if • . . is directed in one sense 

*ij . . iJ 

5 - -1 if a., is directed in the opposite sense. 
•lj 1J 

Then » ?ai 2 8 12 * *2 " *1 

S 3 > : * 3 : *» 

Summing, we get 



«ij € 5* •« € *" 



o. 



Thus, the assignment i is a potential difference assigBspent. 

necessity ; If # is a potential difference assigisssnt, let u» define 
the potentials x. step by step. '■-v.^ib i. .m.. s.-j-.. , 

Take an arbitrary vertex Vj s^^wsiUn £ the; C foefiJ.f4ss^ --x^, « to it. 
If v^ has been labelled, and.v. has not yet .J^nriabfllee,, and if a^^. 
is an arc in A, then we write 

x j " x i + 9 ij- 
Similarly, if a is an arc in A, tMeh we wrtte 

x i c x j + 9 ij 
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Since Che event graphs we are interested in are strongly connected, 
the potential of every vertex can be assigned tuts way. 

The potential assigned to a vertex v. is uniquely defined; for 
otherwise there would exist two chains £ «*d C* §oing from v^ to 
v 2 such that they form a cycle around which the potential differences 
do not sum to zero (see Figure 4.3.3). This would violate the 
definition of potential difference. 



^■' '■■ '- 'fe 




Figure 4.3.3 



We now examine the conditions under which a potential difference 
assignment exists for directed graphs. The following Theorem holds 
for all connected graphs (i.e., not just strongly connected graphs). 

Theorem 4.3.3 : Let G ■ (V,A) be a connected graph, and let us associate 
with each arc a.. € A an interval [k. ., 1..], where k.. < 1... A 
necessary and sufficient condition for the existence of a potential 
difference assignment 

* " ((a ij» 6 iJ ) ' a ij €A} 
such that 

k ij * 9 iJ * l lJ 
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is that for every simple cycle ?, 






« 


;" 


•ij ^ 5* « t j € ?" 


• 




Proof: (Suggested by Jack Dennis; we disagree with the proof in B3). 


Necessity: The condition is necessary; for, suppose such a potential 


difference assignment • exists. 


Then^wa bave, *«* * «yd« 5» 


S« - Ihi -° 


"■- -■ 


If we use the lower bound of k^, i 


Cor each arc in the first term and the 


upper bound 1. for each arc in the second, we have 


I k u " Ihi *° 




•u € ? * *u € *' 




i.e., 


■ 


-13 € 5" •„.€< 




By doing the converse, we get the 


second inequality** 


Sufficiency: Here, we shall use 


the concept that each interval represents 
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a set of points on the real line. We will write 

Y ij " [k ij» 1 ij 1 " fx ' X * k ij» * * ^j*' 
We will use the concept of the interval sum of two intervals A and B, 
defined as 

A + B-fa + b|a€A and b € B}. 
Also, the interval difference of two intervals A and B is defined as 

A-B = {a-b|a€A and b € B}. 
The conditions of the Theorem can be writtSen as 



&u - I k u *° — [4 * 3 ' 



•ijM" ^€5* 



and 



Jij " <»E l lj- ^° •-••J*' 4 j 



a iJ € ? ' *ij € ? 
Now consider the 1 interval 



*«.«r „*«. € r *«b e r a uf ? 



From [4.3] and [4.4], 
6 J ... [4.5]. 
But J can be rewritten as 



j-[l k U • Ihi] - [&» • I l u J 
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I Y ij " I Y ij •- f 4 - 6 ! 



From [4.5] and [4.6], 

€ I Y ii " I Y iJ - I 4 ' 7 J 

Thus, the conditions of the Theorem can be written as in (4*71 • We shall 

show by induction that [4.7] implies the existence of a potential difference 

assignment • such that lc.s6.sl.. this if true for a graph with one 

arc; we shall suppose that it is true for every graph with (m - 1) 

arcs and show that it holds for a graph G with m arcs (labelled l,...m) 

with the intervals Y, . ...Y subject to condition [4.7]. Let S be a 

i m 

graph with (m - 1) arcs that is obtained by deleting arc h «' ( v i» v i) 
from G, and let $ be the potential difference asaigament for G. Let 
6. be the potential difference across the vertices v., v. in the graph G 
under the potential difference assignment 5 . If 6 h € Y fc , then by adding 
arc h to G and assigning it a potential difference 6. - 6. , we have 
constructed for the graph G a potential difference assignment 

- (e 1 ,...,e m _ 1 , 6 h ). 

If S. does not lie within the limits fcu •!».]» then there are two 
possibilities : 
Either (a) 6 fc < k. 

or (b) 6 fc > 1^. 

We will assume without loss of generality that for all simple cycles 
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Figure 4.3.4. 

? ?G which contain the arc h, h € §". In 6 these cycles correspond to 
simple paths from v to v.. Thus, for each simple path S from v. to v 
have 



€ L l pq 



Lspq + 



or 





s, € ? 


*w' h 




6 h € ^^ 


+ ft 


pq b 


* N « 5 



a * h 

pq 



We will refer to the set of simple paths from V| to v.aa the hjpmjEgk *"- 
^ - {sjs is a simple path from v. to vi}. 



fi'v -. vi •■.: 
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Case (a) 6. < k. . We will show that It must be possible to reassign 
potential differences to arcs ±9 the hanaock '' & so thai 6. * k.. we do 
this by finding a cut set C n #f the hanfcock Ji(e«* Figure 4.3.5). 





— ' m •% 




\ 


* 


***--*^ N 


' * 


■\ V 


/ • 


.« ■ \ -. ...> 


' / * 


' » * » 




^\ ' 


« / / 


** ! 


'» / 


\ \ * 


\ i 1 


*».' 


\ 1 / 


* 


.*' 


V. 


V. 


i 


j 



Figure 4.3.5. Haaoock M, 



With each arc m * a in the cut set C . we associate a slack 5\. defined by 

pq -fc*. ^_» T .a 

B ra - k - 6 if m € 5*. 
m m m 

3 - 9 - 1 if m € ?". 
m m m ' 

Let d n « min [dj,...,^] 

l,...r € C 
' n 

We increase the potential difference 6 of each arc m € % ¥ by d n and 

in 

decrease the potential difference # of each arc « ^ ?^ by Q n . 

v IB 

Thus 6. has been increased by d • If fit. + d ><k h ^ we are done. 
Otherwise, repeat the above procedure for some other cut set, and so on. 
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If no more cut sets ate found for which this potential difference reas- 

signment can be done, then there must be some path « in which the ■• 

following is true; 

e„ - k V m 6 § V 
mm 

6-1 V m € 5". 

mm 

For as long as there is no such path, there must exist a cut set whose 
arcs do not have potential differences equal to either limit. 
Now consider the cycle consisting of the path s and irak. 



4. m Lst& L»m n 

m € 5* » € 5" 

" m * k 

Recalling that k was defined to be in ?", we see that 

m € ?* m € ?" ? ^ *■■*< ? 

which contradicts the first condition of the Theorem, namely that 



Similarly, we show that for Case (b), i.e., S. > L, it must be possible 
to reassign the potentials in the hammock * so that 6. s L. If not, 
we can show by a method similar to that for case (a) that there must 
exist a path for which 

I l ij < & ir 
a ij € ? * a ij € «" 
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which contradicts the second condition of the Theorem. 
This proves the Theorem. 



Corollary 4.3.3.1 



A potential difference assignment 9 such that Q ± . * k^, . (for all 
a.. € G) exists if and only if, for every circuit §, 



Z k ij 



* 



Proof ; Set 1.. » + • for every a ,. There are two types of cycles: 

(a) circuits, i.e., cycles in which all arcs are oriented in the s 
direction. 

(b) cycles which are not circuits. 
For every circuit §, we see that 



hi 



£ 0. 



•u € ? - 



For cycles which are not circuits, we see that 

Yk £ » which is vacuously true if all k 's «*• finite. 

■ 

We are now in a position to show that the bound we obtained on the 
computation rate of transitions in a timed event graph is actually 
attainable. This forms the subject of our next i$lporem. 
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Theorem 4.3.4 : Let ^ = (G,n) be a timed event graph. 4 hag a strongly 
periodic firing schedule with period n > iff 



tt * max 'l_Z_k_ 



2 



V k 

a 



u €c k 



where (C^C^, . . .C^} is the set of all circuits in G. 

Proof : From Corollary 4.3.1.1 we have the result that a timed event 
graph JL has a strongly periodic firing schedule with displacements 

x, , . . .x and period tt iff 

i m 

V a t . € G, we have x, - x. ^ c. . 

where c - r ± - tiM(0,« 4 .). [4.2] 

Now with each arc a.., we associate 8i . = j. - Xv», 
By Theorem 4.3.2, a function that assigns such a 6.. to each arc a., 
must be a potential difference assignment. The set of inequalities [4.2] 
now becomes 

e iJ iC ii Va lJ €G ■ ■ . . [4 * 81 

By Corollary 4.3.3.1, this system of inequalities has a solution iff , 
for every circuit § 6 G, 



K 



£ 



*ij € ? [4.9] 

[4.9] now becomes 
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V ? € G 



. JJ t - it 1K0.VJ *o 



«ij^ 



or 



S"i " TT X M(0,a ij ) * ° V ? € <*• 



v i€ ? 



•iJ € ? 



or tt ^ 






V § € 6 



&»••«> 



*iJ € ? 



This is true Iff 



TT * 



? € G 1 









i4.wr 



Comments on Theorem 4. 3. A : We note that there exists a strongly periodic 
firing schedule with period 



max 

? € G 



h 



All 
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The computation rate p of transitions in G is given hy p ■ *• 



Hence, 



pip'- *inJJ M(Q ' a |J ) 
5 € G j -" 



I 



[4.11] 



v t €S 



It is clear from the inequality £4.73 that there exists a strongly 
periodic firing schedule which realises a computation rate 

p =p' 
Thus, the timed event graph can be allowed to f ¥un** at any ''sptied" less 
than or equal to p*. In Section 4.2, we argued that the computation 
rate of transitions in a timed event graph could not exceed that of 
transitions in the circuit with the minimum ratio of 



I»«Mij> 



iiil 



& 



but our arguments were non-rigorous. In this section we have sub- 
stantiated our claim in a rigorous fashion. The circuit with the 
minimum ratio of token content to sum of transition firing times is 
termed the critical circuit, and as we have seen, this is the one 
which determines the maximum computation rate of all transitions in 
the net. 
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Section 4.4 Timed LSP Hets 

We now proceed to apply the result obtained In the previous Section 
to determining the maximum computation rate of transitions in a timed 
LSP Petri net. Our starting point will be to decide if a given marked 
Petri net is indeed LSP. This can be done by applying the results deve- 
loped in Section 2.3. 

Consider a timed LSP Petri net £ - <^,n>. **• tlned Petri net 
in Figure 4.2.1 is an LSP net, and we saw that we wera able to opnstt- 
uct a feasible periodic schedule for it. We now show that every LSP 
Petri net has a feasible periodic firing schedule, and we show how to 
find the period and the computation rate of every transition i.n the 
net. 

Recall from Section 3.4 that the steady state behavior, of an LSP 
net ^ can be represented by the steady-state equivalen t net J • 
Furthermore, recall that J has the structure of a multiply-labelled 
event graph. The only difference between event-graphs and multiply- 
labelled event-graphs is that that the latter may have multiple ins- 
tances of certain transitions. We will begin by assuming that all 
transitions in a multiply-labelled event graph have distinct labels, 
and the steady-state equivalent net M can be regarded as an event graph. 
Each transition is assigned the firing time of the transition it corres- 
ponds to before the relabelling was done. The computation rate of trans- 
itions in the resulting event graph can be found by applying the 
result of [4.11]. 

We showed in Chapter 3 that the steady state equivalent net of a 

( 

consistent LSP Petri net must have a number of occurrences of each 
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transition equal to its current in a consistent current assignment. We 
now show that the computation rate of transitions in a timed LSP Petri 
net must be proportional to their currents in a consistent current 
assignment. To show this, let us consider the steady-state equivalent 
net J . We have seen that we can find the compiifcafc^jbn rate of tran- 
sitions in the relabelled net by treating it as an event graph. We 
will call this the fundamental computation rate ofJtl^W net, and will 
denote it by p. If the nn»ltiplte£Ey of any transition y i» ^(v^), it 
means that in unit time, transition v t in the timed LSP -n*t ;;* ^.IfJxes 

n(v.) X p times, because each firing of"*»44|atan&m«,o£ transition of 

1 *"' ' — -..^ 

transition v. in J is also a firing of transition v, t in V . Hence, 

i X «. 

we can find the computation rate of any transition v. by simply multi- 
plying p by the multiplicity of that transit i, 011 in *' 

Summarizing, the following steps are are involved in finding the 
computation rate of transitions in a timed LSP Petri net «f : 
Step 1 Find the steady state equivalent net J «^f|£* underlying LSP 
Petri net r . 



Step 2 Treating J as an event graph, f^ad- its maximum computation 

rate p by applying {4.111. Thisi gives the maximum fundamental 



v i i ' 
computation rate of the timed LSP Petri Hit X . 

' V 4 :'■ ' ' - 

Step 3 If p t is the maximum computation raf* £ d?~fxaciBition Vj in * , 
and u(v.) is its multiplicity in / , thajfkp. - p X uO^). 

We illustrate this method by an example. -^ 

Example ^xiaidmr the time*, LSP Pje^ri^ of,,f^r^4.aui (reproduced 
in Figure 4.4.1). In order to make our example as general aa possible, 
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P. 



Figure 4.4.1 Timed LSP Petri net Jt - < P ,n> with a live, bounded 

■arklng M. - J 




Figure 4.4.2 Steady state Equivalent net J for MP Pe#ri net P with 

marking M. 



-142- 



the net has a marking M that is not safe, but which is live, bounded 
and persistent. In Figure 4.4.2, we show the steady state equivalent 
J of the net ?with marking M. J can be decomposed into four circui- 
ts : 

c r PiWsPiWa^i 

V V1V2V 
C 3 : P 1 t 1 P 2 t 2 P 4 t 3 P 1 

The fundamental computation rate p is seen to be 
p - min[ 2/12, 1/8, 2/10, 1/10] 
or p = 1/10. 
Now, u(t 1 ) - 1 

n(t 2 ) - 1 

u(t 3 ) - 2 
Thus the computation rates of transitions tj^ *""* fc 3 are M follows: 
pj_ - 1/10 

p 2 - i/io 

p 3 - 2/10. 

A note on the Structure of IS? Petri aefes 

Although it is true that the LSP Petri nets that arise in the course 
of modelling practical systems will all be SMD there do e xist Petri nets 
which are LSP but not SMD . The net in Figure 4.4.3 is an LSP Petri net, 
but it is not SMD as the reader can easily verify. The method we have 
given for finding the computation rate for timed LSP Petri nets holds 
for all LBP Petri nets which have a live, safe marking. 
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Figure 4.4.3 An LSP Petri net that is not SMD 
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4.5 Timed Petri nets with rand om firing times 

The assumption of deterministic firing times for Petri nets has given 
us a great deal of insight into the action of practical asynchronous sys- 
tems. We have been able to find the computation rate of transitions in 
timed event graphs and LSP Petri nets, and in each case we have been able 
to identify system components that limit the fundamental computation rate 
of the net (i.e., the critical circuit). The critical circuit represents 
a bottleneck in the system being modelled, and readers familiar with 
PERT networks will see the correspondence between critical circuits in 
timed event graphs and critical paths in PERT networks. 

The assumption of deterministic firing times may not be sufficiently 
accurate for practical systems. In practice, an action in an asynchronous 
system like an addition will be a random variable , and in a large number 
of cases this can be approximated by either a rectangular or a Gaussian 
distribution (see Figures 4.5.1 and 4.5.2 respectively). A Gaussian 
distribution has the problem that it has a "tail" which extends for nega- 
tive values of time. Since we cannot visualize an action taking less than 
zero time to occur, we would prefer to use the rectangular distribution 
shown in Figure 4.5.1. 

It is possible to find out the mean computation rate of a timed event 
graph when all firing times are given by a distribution like the rectan- 
gular distribution. However, the process is very tedious, and we will 
work with the means of each of the firing times. By doing this, we get 
a timed event graph whose computation rate can be found by applying Equa- 
tion [4.11]. It can be shown by using the results of Clark[C3] that the 
computation rate so obtained is an upper bound on the true computation 
rate of the timed event graph whose firing times are random variables . 
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The deviation of the true mean computation rate from this bound depends 
upon on the standard deviations of the random variables, but there does 
not appear to be any simple expression that relates these quantities . 
We now turn to Chapter 5, where we find a bound on the computation 
rate of timed SMD Petri nets. 



CHAPTER 5 
COMPUTATION RATE OF ASYNCHRONOUS SYSTEMS WITH DECISIONS 

5.1 Timed SMD Petri Nets 

In Chapter 3, we Illustrated the power of SMD Petri nets In model- 
ling asynchronous systems with decisions. We also established two 
important results about SMD Petri nets : 

(a) It is decidable if any given marking foxs an SMD Petri net is 
live. 

'■■■ '" r ; 

(b) For SMA Petri nets, any marking which puts at least one token 
on every state machine is live. -f 

Thus, using the results presented in Chapter 3, we can design asyn- 
chronous processing systems for possible implementation by the tech- 

f 
niques developed by Dennis and Patil TD1, D2] . We now show how we can 

estimate the computation rate of this mote genera^ class of systems. 

Recall that In Chapter 4 we developed a technique for finding the 

maximum computation rate of a large class. 61 deterministic systems. 

J' *. 
In this chapter, we look at non-deterministic systems and see if we can 

obtain a bound on their computation rate. We do this by finding a 

bound on the computation rate of transitions ill a timed SMD Petri net. 

We have defined timed Petri nets in Section 4.1 (see definition 4.1.1) 

Thus, a timed SMD Petri net is an SMD net in wfcieh every transition has 

a fixed, non-zero firing time. For details of the firing mechanism 

and notation for the instantaneous marking of a? timed SMD net, the 

reader is urged to re-read Section 4.1. , 
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Let us now consider a timed SMD Petri net and examine its be- 
havior. We da this by constructing a firing schedule for it, and 
interpreting the notion of computation rate of a transition in con- 
nection with the firing schedule. 

As a simple example to motivate this chapter, consider thjfe SMD 
Petri net model of an assembly line with decisions of the type dis- 
cussed in Section 1.2. Figure 5.1.1 is such a Petri-net model. Let 
transitions at b and c represent assembly operations, and let p be a 
place which represents a bay at which a decision is made about which 
engine should be attached to a chassis. The engines are available in 
the input queues connected to transitions b and c, and completely as- 
sembled autos are output into the queues marked "output queues." Each 
of the assembly operations represented by the transitions a, b and c 
have associated time durations T , T. , and T respectively. A partially 
assembled auto that appears at place p can be routed; one of two ways, 
by firing either transition d or transition e. We Said in Section 1.2 
that this routing can be done in* several waya, and t|te exact mechanism 
of making this routing decision does not concern us here. We have 
pointed out some of the ways in which this decision can be made for a 
practical assembly line. From a performance standpoint, we must know 
the relative numbers of each type of automobile which are produced by 
the assembly line. Let us see why. Suppose a l«r£e proportion of 
all cars produced by the assembly line are 20Q/HP cars, and suppose 
that the final assembly process for attaching a 206" HP engine to a 
chassis is extremely slow (i.e., transition f has a long firing time). 
This assembly stage will not be able to handle the load imposed by it, 
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Figure 5.1.2 Occurrence Graph for Petri Net in Figure 5.1.1 . 
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and will slow down the operation of the whole line by choking off the 
absorption of subassemblies from the input queues. It is intuitively 
obvious, therefore, that this assembly line can be balanced by matching 
the speed of operation of an assembly station to its expected frequency 
of use. It can also be seen that there is a tradeoff between the num- 
ber of physical processing units at an assembly station and the speed 
of each processing unit - a number of slow processing units can be 
used instead of a few fast ones, and vice versa. Our question in 
connection with this assembly line is - how do we estimate the rate at 
which it produces assembled autos? 

Let us examine our model carefully and see what information is needed 
to specify the system in a way which is complete for our purpose. We 
have shown input queues connected to some of the transitions in the net 
in Figure 5.1.1. We pointed out in Section 1.2 that we will assume 
that there is always at least one item in each input queue, so that it 
is not necessary to indicate the queues, but we have shown the queues 
for completeness. Let us now see how to incorporate the relative fre- 
quency of use of the two alternative assembly stations into out model. 

The action of the Petri net in Figure 5.1.1 can be represented by 
means of an occurrence graph (see Section 3.5.3). In the occurrence 
graph shown in Figure 5.1.2, the probability or the relative frequency 
of occurrence of each of the outcomes of the decision made at place p, 
will be reflected in the number of occurrences of the corresponding 

transition in a long frustrum of the occurrence graph. For example, if 

1 2 
the probabilities of occurrence of transitions d and e are — and — 

respectively, then, in a long frustrum of the occurrence graph there 
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will on an average, be twice as many occurrences of transition e as of 
transition d. Ihis means that In a consistent current assignment for 
the Petri net, the current assigned to transition e will be twice that 
assigned to transition d. Our problem is to find the maximum computation 
rates of transitions t- and t, in the net. In general, we would like 
to find the warr'i"" computation rate of any transition in a timed 
SM) net, for which a consistent current assignment is given. We wish 
to find a computation rate assignment such that the computation rate 
of each transition is proportional to its current in the given con- 
sistent current assignment. 

The problem can be tackled by simulation. In such a method the 
computation rate of any transition can be found by letting the net "run" 
for a long time, and then dividing the number of times that transition 
has fired by the total amount of time that has elapsed since time zero. 
The method is extremely time consuming and we would like an analytical 
technique which enables us to find a good bound on the computation rate 
of transitions in the timed net. 

Consider a timed SMD net % - <&, fl>, having a minimal integer con- 
sistent current assignment i. We know from Section 3.5 that several 
c -equivalent nets are, in general, possible for X with consistent current 
assignment *. In Figure 5.1.3(a) we reproduce the net shown in Figure 
3.5.4. For the given minimal consistent current assignment, several 
c -equivalent nets are possible, and we give two of them (see Figures 
5.1.3(b) and 5.1.3(c). Each timed c-equivalent net defines a periodic 
schedule. We compute their fundamental computation rates, and get 
the following: 
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The SMD net X. 



Minimal integer consistent current assignment: 
Firing time assignment : 



T 1 = 2, T 2 = 3, T 3 = 4, T 4 = 1, T 5 = 3, T 6 = 5, T ? 



= 2 



Figure 5.1.3(a) 



-153- 




Figure 5.1.3(b) 
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Figure 5.1.3(c) 
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Fi»tte 5*1.3 (b ) 

Applying the results of Section 4v4 r 

Fundamental Computation Rate p* >* mtar|j|, -gp -g, -^J *' ^ 9 

Figure 5.1.3 (c) 

Fundamental Computation Rate p* - i«ia.|^y ^gt j|f i|j 2* " 

Thus, the maximum Fu nda me n tal Computation Rates of the two c -equivalent 
nets are different. In order to find a Sound on tiie mtteimtm* fundamental 
computation rate of the time* net %.. m. **&».&**■■ tie. ti»m# jKsqq~i***g$fc 
net which has the largest computation rate. 

the maximum fundamental conpafeetion rate of a c -equivalent net for 
the timed net X represents the maximum fundamental confutation rate of 
transitions in the net x for the behavior specified fcy that c -equivalent 
net. Tffis lead* to the following definition; 

Definition 5.1.1 The maxima fundamental computation rate of transitions 
in a timed SHB nets X * (&$) for a miniaial integer consistent current 
assignment # is given by the fundamental computation rate of the c- 
equivalent net which has the largest fundamental computation rate. 

Definition 5.1.2 The maximum computation rate of a transition t ± be- 
longing to a timed SMD Petri net X = <^P> with a minimal integer 
consistent current assignment $ is given by 

p ± = cp i x p 
where <p. is the current assigned to t by $and p is the maximum funds- 
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Figure 5.1.4 
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mental computation rate of %. 

We see that to obtain an exact value of the m a x i mum fundamental confu- 
tation rate of X, we wast find a^l, tae PTenuiyflen^ ne|a for X and 
find tn# one with the largest fundamental computation rate. Ihis is 
a very tedious process! and we would kike to find a staple method 
which gives a bound on the fundamental maximum computation rate of X. 

Consider the timed $& Petri net X * (£^Q) in which the underlying 
Petri net ^has a live marking M. Let Sj» S 2> . . .8 be the state 
machine components of fi. Let the transitions of any state machine 
component S^ be t^, t i2 »* " 'Hk' th *** * lr *°* time*, be T^, T i2> . . -T^ 
and their currents be tp.,, ^^'"'^ik res P** ctive *y* Also, let 
p il' p i2'*" p ik ^ *** pi* 668 belonging to the state machine S^. Let n^ 
denote the number of tokens on state machine S.. 

Consider the occurrence graph associated with one of the tokens on 
the state machine S. (see Figure 5.1.4). 

Since there are n.- tokens on the state machine S. , the maximum natural 
computation rate of transition t.. is thus n.Y.. or n.f.J . . The 
quantity Y. is termed the maximum natural fundamental computation rate 
of the state machine, and to obtain the maximum natural computation 
rate of transition k.., we multiply ¥-. by <p,.. The term maximum 
natural computation rate of a transition t... refers to the computation 
rate it would have if the state machine S. were isolated from the other 
components of the SMD Petri net (P. However, as we saw in the case of 
timed event graphs, the components of a timed net affect each other's 
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fundamental computation rate. We now show that if two state machines 
S. and S. have some transition t in common, then the fundamental 
computation rate of both state machines is min [Y.,Yj], Let cp be 
the current associated with transition t in a consistent current 
assignment. Then, it is clear that the computation rate of t cannot 
exceed cp X min [Y . , Y.]. For suppose without loss of generality that 
Y.< Y.. Then, the computation rate of t cannot be greater than tp x ¥.. 
If it could be greater than cp x Y., it would violate the definition of 
the fundamental computation rate of S . . Thus, the computation rate of t 
cannot exceed cp x min [V . ,Y ] . Also, by consistency, the computation 
rate of any transition t #1 € S. must equal 

^11 X cp X min NT ,Y.] = cp n X min [Y ,¥.]. 
cp J -' 

Similarly, the computation rate of any transition t. in S. equals 

^jm X cp x min [Y.,Y.] = cp 4 Xmin[Y.,Y.]. 

We conclude that if two state machine components S. and S . in a timed 
SMD Petri net have a transition in common, each state machine acquires 
a fundamental computation rate = min [Y.>Y J- 

Let p = min [Y..Y ,...Y ]. Without loss of generality, let p = Y, . 
X Z m i 

We now construct sets \. , ^.„,..A of state machines as follows: 

If ^ is a set of state machines, then define \ .. to be the set 
P P+l 

\ U{S-,S„,...S ] where S ,, S „,...S are state machines which 
p pi pZ pr pi pZ pr 

have at least one transition in common with the state machines in \ . 

P 

Also, \ = {S., S_,...S }, i.e., all the state machine components of P. 
r i z m 
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Construct \ n from \ until \ « \ . Then X must include all 
pfi p P*"i p p 

the state machines because ^fs strongly-connected. 

ihe reader can now see that if the maximum fundamental confutation 
rate of S^ = Y^, then the maximum fundamental computation rate of all 
state machines in \ 2 is also f j, and so on until we have exhausted all 
state machines in the net P. thus, all state machines in x *** st have a 
maximum fundamental computation rate p - f i - min [*,,*„,...? ] where 
Sj» S 2" ,,S j| are a ** tn€ state machine components of P . 

the maximum computation rate of any transition t in the net is thus 
<?£ X p. 

We have thus established the following result: 

In a timed Stffi Petri net x = CP M , the maximum computation rate p of 
any transition t. is given by 
Pi * 9 ± x p f 

where p' = min £*.,¥.,...* 1 
i i. m 

where ^^>^2 , "*^m are t * te maxiaui11 fundamental computation rates of 
S l» S 2'*" S m* Ihe a>ax:tinia fundamental computation rate f fc of state 
machine !L is given by 

T *-x~ t — 

Z *» T « 

j»l 

where r^ = number of tokens on state machine Sj^. t kl > t k 2» ' * ^kr are 
the transitions of state machine S^. q^ , T fc , are, respectively, the 
current in a consistent current assignment for (P and firing time of 
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transition t, . 6 S, . 

The bound we have obtained here is based on the assumption that 
when a token appears at a place with conflict, then its further 
routing (i.e., which output transition to fire) is done statistically, 
using an a-priori probability measure proportional to the currents 
associated with the respective transitions. In the next section, 
we derive this bound by considering the c -equivalent nets for X. 
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5.2 Rigorous Derivation of Bound op ru nrfawnt al Computation Rate for 
Timed 3W> Petri Beta I 

la the preview section, we saw hwt we can find the upper fecund em 
the maximum fundamental r rnmu rationale of a timed SMD Petri act * with 
a minimal- integer consistent ettinreat^mWi#naeat . H»ia involved 
drawing all the timed c-eqalvaleat n^ta fear % ami finding the one with 
the largest mavtmum f und sa ma tal computation rate, as we painted out, 
this is a tedious process. The following Theorem givea an upper hound 
Jm the maximum f und wan ts! computation; rate of a timed StfflT Petri net 
■in terns of its structure, marking, minimal integer eanaistent 
current assignment and firing tiae aaalgament. 

Theorem 5.2.1 In a tlaed S© Petri not x " <^*Q) with a minimal integer 
consistent current asslgaaent t, the na atm u a fundamental computation 
rate is given hy e*«* win ft,,.., f I. *y* m **• ***• t unda ae nt al 
computation rates of the state machine components of x.. The fundamental 
computation rate ? k of state aaehine SL is given hy 

\ 
k r 



I Vl1 



where n. * nuaber of tokens on state machine SL. 

t. ,,...t. are the transitions of state aaehine SL . 

cp. ., T. . are the current and firing time respectively of transition 

*kj € V 
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Proof : Consider the c -equivalent net € of the SMD net P for the ** N 

consistent current assignment $. We showed in Section 3.5 that 

for every state machine component S, in ^ , there exists a corresponding 

circuit C, 6 6 with the following property: 

Every transition t. in C, has a multiplicity u(t.) equal to the 

current cp. assigned to transition t. in v* by the minimal consistent 

current assignment §. Now let C.,...,C , C ,.,... C be the simple cir- 

i m m+1 r 

cults in 6, where C.,...C correspond to state machines of ^and 

l m 

C ,,...C are simple circuits in I? that do not correspond to state 

machines of^. Let Y,,...Y , Y .,, . . • , Y he their respective fundamental 

computation rates. For any circuit C. € {c, ,...C } 

l 1 m 

n. 

*i 



I *u t ij 



V-.t.. € C. 
ij i 



Now, the fundamental computation rate p of the timed net x is given by 
p' = min [Y 1 ,...Y r ] 

= min »!,... T m , Vl'""V 

or p * * rain fY. , . . .¥ ] 
i m 

I 

Note : 

There may exist some ^ € ^m+i » • ♦ • »^ * such that 

i|f_ < min {Y.....Y ]. 
s i m 

Thus, while p * = min fY.,...Y ] is certainly a bound, this bound may not 
be achievable. The computation rate p. of any transition t. is defined 
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to be 



P t ■ P** * t . 



Once again, this value of p. ia a bound, but this bound may not be achie- 
vable. Theorem 5.2.1 enables u* to find a bound on the computation rate 
of any transit ion in a timed SW Petri net by f lading for each state 
machine compon.nt 8, the corresponding fundamental computation rate )^. 
This ia simpler than finding the maximum fundamental computation rate of 
all the c -equivalent nets for the SWB Petri net* 

Example; Let us apply this result to the timed Sm Petri net of Figure 
5.1.3, Theorem 5.2.1 gives a bound on the maximum fundamental computation 
rate equal to 

min I 1/15, 1/221 - 1/22. 
By drawing all the c-equiyalent nets for the SJMP net, the reader can 
verify that the net of Figure 5.1.3(c> ha* the largest maxi**ss fundamen- 
tal computation rate of 1/24. The bound of Theorem 5.2.1 cannot actua- 
lly be realised in any consistent behavior of the SmD net, but we see 
that it is certainly a reasonable bound. The reason that the bound is 
not achievable is that there is no state machine component in #that 
corresponds to the multiply- label led circuit •^4?j*3i| t 4f|*||** ,t 7?4* 
This circuit has a we**!*!* natural fundamental computation rate of 1/24. 
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5.3 Achievability of Bound on Computation Rate for timed SMD Petri nets 

The bound on the computation rate of transitions in a timed SMD Petri 
net that we have presented in the previous two Sections has been shown 
to be an upper bound on the computation rate for a given SMD Petri net 
with a minimal integer consistent current assignment. We have also shown 
that this bound may not be achievable, and in this Section we look at the 
issue of achievability. 

When the reader examines the expression for the bound, he will notice 
that it is always achievable for event graphs. Since the multiplicity 
of every transition in an event graph is one, this means that there exists 
a minimal integer consistent current assignment in which the current assi- 
gned to each transition is unity. Also, since a simple circuit in an 
event graph corresponds to a state machine componeat if we view the event 
graph as an SMD Petri net, we can rewrite Theorem 5.2.1 for event graphs 
to read as follows: 

In a timed event graph Sy = (G,fi), the computation rate of all tran- 
sitions in the net is the same and is given by 

p £ min 1$ ,,...* 1, 
where C.....C are all simple circuits of the event graph and 



L 









\l 



This is the same bound as the one we obtained in Expression [4.11] 
in Section 4.3. We also showed in Section 4.3 that this bound is achie- 



^ 



-165- 



vable. Thus, the result In Theorem 5.2.1 represents an achievable bound 
If the SMD Petri nets we consider are restricted td being event graphs. 
Our question Is - how good a bound Is It for more general §**& Petri nets? 
The largest class of SMD Petri nets we have been able to prove aehleva- 
billty for Is the class we tern aHSSfi) Petri nets. 

Definition 5.3.1 An a-minimal Integer consistent current assignment is 
one in which all transitions with wore than one input place are assigned 
unit current. 

Definition 5.3.2 An SKA Petri net is a-SMA iff there exists an a-mitti- 
mal integer consistent current assignment for it. 

Lemma 5.3.1 Let g be the c -equivalent net of an a-SMA Petri net tr for 
the a-minimal Integer consistent current assignment $. Then, every 
circuit C. in t£ corresponds to a state machine component S. in* and 
vice versa. 

P*o<»f **" 

Consider a state machine component & in T . Let f be a cyclic frus- 

trum for 6 . We know that the initial slice of f mist contain at least 

one place from every state machine component ( follows from Theorem 

3.5.1). Choose some place p_ € & from the places in the initial 

slice of ? . When two consecutive instances of this place in a cyclic 

frustrum for the given current assignment are considered, every state 

machine containing p*. must unfold into a chain that begins and ends at 

p. ,. In the c -equivalent net constructed from the cyclic frustrum, each 
chain corresponds to a circuit. 
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=*. Consider the cyclic frustrum for the given c-equivalent net. 
Since /is SMA, every closed simple directed path is an SSM. Also, 
since every transition which has multiple input places has unit 
current, there is exactly one instance of each such transition in 
a cyclic frustrum. Every allocation reduction on the c-equivalent 
net results in exactly one SSM (a multiply-labelled circuit) for each 
SSM in 9. 

Suppose some closed directed simple path does not correspond to any 
SSM. Then it must correspond to some closed structure in which there 
exists a transition t with multiple input places. The only way in 
which such a closed structure could map into a circuit is for there to 
be more than one instance of it in a cyclic frustum, which is the de- 
sired contradiction (see Figure 5.3.1). 



'iO 




Multiple Instances of t, 



Figure 5.3.1 



As a consequence of Lemma 5.3.1, we have the following theorem: 
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Theorem 5.3.1 ; The bound on the computation fate of trans It ions 
attained in Theorem 5.2.1 holds for every timed a - SMD Petri net 

x - <<P,n> 

Proof i By Imams 5.3.1, the c-equivalent net t for an a -SMD Petri net r 
is a multiply labelled event graph in which every simple circuit 
corresponds to a state machine component of *P and vice versa. By 
attaching firing times to each transition in & t the desired result 
follows. 

■ 

Example : Figure 5.3.2(a) gives an example of a timed a - SMA net, 

shown with a consistent current assignment. Figure 5.3.2(b) gives 

a c-equivalent net which realises the computation rate given by 

the expression of Theorem 5.2.1. The reader will note that each state 

machine in the a - SMD Petri net of Figure 5.3.2(a) maps into a multiply 

labelled circuit in Figure 5.3.2(b) and vice versa. 

In Figure 5.3.3(a) the timed SMD Petri net of Figure 5.3.2(a) is shown 
with a minimal integer consistent current assignment in which transition 
t, has a current equal to 2. This net is no longer a » 3MA, and the 
bound of Theorem 5.2.1 can no longer be achieved, as can be verified 
by examining its c-equivalent net which has the largest maximum 
fundamental computation rate. 



Bound from Theorem 5.2.1 

P* -min[^, 25j * 25 
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Firing Time Assignment 
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Figure 5.3.2(a) 
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Figure 5.3.2(b) 
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Figure 5.3.3(a), 



Current Assignment 



Firing Time Assignment 



*1- 


1 


9 2 = 


1 


9 3 = 


2 


\ = 


2 


9 ? = 


2 


9 5 = 


1 


*6 = 


1 



T l- 3 

T 2 =5 

r 3 = 4 

r 4 =2 
T. 5 =7 

r 6 =8 

r- 7 = 3 



-171- 




Figure 5.3.3. (b) 
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Bound for c-equivalent net of Figure 5.3.3(b ) 
L20 25 26 19j 26' 



' = min 



Thus, the bound from Theorem 5.2.1 is not achievable by any c-equivalent 
net for the given timed SMD Petri net. 
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Section 5.4 Review of Results Obtained 

In this Section we will put our work In perspective and will point 
out Its relationship to PERT networks [Fl] and the program flowcharts 
of Martin and Estrln [Ml, M2, M3] . 

In Chapter 2 we have argued that practical systems can be viewed 
as an ensemble of interacting components and that each system component 
can be viewed as a state machine. Subsequently, we investigated the 
modelling of such systems using Petri nets. We introduced SMD Petri 
nets as being the class of Petri nets which can model practical systems. 
The type of systems we wish to model do not have any redundant functional 
operators, and are free of deadlock. This translates to the problem of 
choosing only those SMD Petri nets which have a live marking. We have 
pointed out that we still do not understand how the state machine 
components of an SMD Petri net should be interconnected to ensure that 
the net has a live marking. Currently, the largest subclass of SMD 
Petri nets we know of with this property is the class of SMA Petri nets. 

Since any live marking for an SMD Petri net P is bounded, a consistent 
current assignment can be made to the transitions in y. By multiplying all 
currents in a consistent current by the least common multiple of their 
denominators and dividing them by the greatest common divisor of their 
numerators, we get the minimal integer consistent current assignment. 
The current associated with a transition in a minimal integer consistent 
current assignment is the multiplicity of the transition in a c-equivalent 
net of the SMD Petri net for the given current assignment. 

We have also looked at the entire class of LSP Petri Nets (I.e., 
Petri nets which have a Live, Safe, Persistent marking). Even though 



•174- 



the LSP Petri nets of interest are likely to be SMD, there do exist 
LSP Petri nets that are not SMD. A steady state equivalent net exists 
for any LSP Petri net. Furthermore, the steady state equivalent net of 
an LSP Petri net is unique, and corresponds to the c-equivalent net 
for an LB SMD Petri net with a minimal integer consistent current as- 
signment. 

Figures 5.4.1 and 5.4.2 are Venn diagrams which exhibit the relation- 
ship between the various subclasses of Petri nets that have been con- 
sidered in this thesis. 




Figure 5.4.1 
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Shaded areas represent LSP Petri nets. 

(a> 

Figure 5,4.2 



We have introduced timed Petri nets in order to model the finite 
speed of operation of practical systems and have shown hojr to find the 
computation. rate of transitions in LB SMB Petri nets end LSP Petri nets. 
For both kinds of timed Petri nets, the maximum computation rate of a 
transition is the fundamental computation rate of the timed c-equivalent 
net for the timed Petri net multiplied by the multiplicity of the 
transition in the c-equivalent net. 

In order to find the maximum fundamental computation rate of a timed 
c-equivalent net (or a steady-state equivalent net for an LSP Petri net), 



-175a- 



TIMED LSP 
NET 




TIMED MULTIPLY 
LABELLED EVENT 
GRAPH 



TIMED EVENT 
GRAPH 



Figure 5.4.3 



■176- 



we assume that all transitions are dictinctly labelled, and we find the 
maximum computation rate of the resulting timed event graph. The maximum 
computation rate of a timed event graph can be found by applying 
Equation [4.11]. 

We illustrate the various terms used and the relationship between 
the computation rates of timed event graphs, multiply-labelled event 
graphs, LSP Petri nets and SMD Petri nets by means of Figure 5.4.3. 
The diagram is self-explanatory and shows that the bound of Equation 
[4.11] forms the cornerstone of our work, the fundamental computation 
rate of timed SMD and LSP Petri nets being obtained by finding the funda- 
mental computation rate of an equivalent multiply-labelled event graph. 

We are now in a position to point out how our work relates to the 
following models of parallel processing and parallel computation: 

(a) PERT networks 

(b) Martin and Estrin Flowcharts. 

Let us begin with PERT networks [Fl] . A PERT network consists of an 

acyclic directed graph with an input vertex and an output vertex. All 

arcs in the network lie on paths from the input vertex to the output 

vertex. Each arc denotes an activity in the project being modelled 

by the network, and each activity takes a certain amount of time to 

occur. We can model a PERT network as a timed acyclic event graph by 

replacing each arc with its two end vertices by the structure shown in 

Figure 5.4.4. The time associated with the activity ab is now associated 

with the timed transition t . introduced into the arc ab. Transitions a 

ab 

and b are assumed to have zero firing time. In Figure 5.4.5 we show 
this transformation carried out on an example PERT network. 
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Suppose we draw an arc from f to a in Figure 5.4.5. The resulting 
graph is a strongly-connected event graph, whose critical circuit 
corresponds to the critical path of the PERT network. In Chapter 6 
we will see how strongly-connected timed event graphs can be applied 
to many practical situations where PERT networks are inadequate. 

We now turn to the program flowcharts of Martin and Estrin [Ml, M2, 
M3]. These are directed graphs consisting of arcs and nodes. Nodes 
represent operations in a computer program and arcs represent data 
paths between them. The presence of a data value on a data path is 
represented by a marker. Each node has logical conditions (and . 
exclusive -or ) on data values on the input arcs that must be satisfied 
before the node can act. The action of a node consists of removing a 
data value from the specified logical combination of input arcs, per- 
forming a computation, aad thea depositing data values on the specified 
logical combination of output arcs. The action of a node is assumed to 
take some finite amount of time. In Figure 5.4.6 we show how to model 
these timed nodes by means timed acyclic Petri net structures. A Martin 
and Estrin flowchart models program constructs like decisions and 
iteration together with aspects of parallel programs, like the fork and 
join operations [D6] . A test is performed to check if the operation of 
the flowchart can proceed in a deadlock-free manner; if an arc is drawn 
from the output node to the input node, this test turns out to be similar 
to the one for deciding if an SMD Petri net is SMA. Our work can be 
viewed as modelling cyclic or recurrently acting systems, while the 
work of Martin and Estrin is concerned with finding the mean execution 
time of parallel programs. The two pieces of work taken should provide 
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i yccd bag of tools for the analysis and design of asynchronous 
r.omputer systems. 
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CHAPTER 6 

APPLICATIONS OF TIMED PETRI NETS TO THE MODELLING OF ASYNCHRONOUS 
CONCURRENT SYSTEMS 

Deterministic Systems 

We will now consider applications for our work drawn from diverse dis- 
ciplines such as computer systems modelling and operations research. Through- 
out this discussion, we will keep in mind the distinction we have made bet- 
ween deterministic and non-deterministic systems. We begin by presenting 
several types of deterministic systems. The simplest system we wish to con- 
sider is a set of adder units whose action can be represented by the timed 
event graph shown in Figure 6.1.1. 



rform addition 



Operand 1 

inn 

mm 

Operand 2 




Pick up 
operand pair 
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Figure 6.1.1 



Each token on the circuit represents a physical hardware adder unit which 
can be in one of three states shown (i.e., "ready to pick up operand pair", 
"ready to perform addition" and "ready to output result"). We will make 
the assumption that there is always an operand pair available in the 
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input queues, so that a hardware adder unit never has to be idle for want 

of operands, i.e., the environment does not introduce delays into the 

operation of the system. Applying Equation [4.11], the maximum rate at which 

results appear in the output queue is given by n / ( t + t + T ) 

where n is the number of physical hardware adder units, 

t , t and t a*« the times required to perform the actions 

modelled by transitions t. ,t_ and t . 

tome values for th* above parameters. 

4. 

500 nsee. 

t * 2 usee. 
2 

T * 500 nsee. 
3 

The maximum throughput rate of the adder is then 4/3 * 1.33 million 

additions per second. 
A more interesting example is the timed Petri Net model of a three-stage 
pipelined floating point adder shown in Figure 6.1.2. 
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Figure 6.1.2 
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This pipelined adder has only one hardware unit per stage, ao that there is 

overlapped operation of the stages without any parallelism in each stage. 

The maximum throughput rate of the system is seen to be 

min [ 1/T , 1/t., 1/t ]. 
a b c 

Let us examine the above expression. Suppose 1/t is the smallest of the 

a 

three quantities in parenthesis. Then stage A has the slowest hardware 
unit, and the natural computation rate of this stage determines the through- 
put rate of the system. This means that having hardware units in stages B 
and C that are faster than the hardware unit of stage A is wasteful, since 
their added speed does not result in any extra system throughput. We will 
say that a determteistic system is balanced if the natural computation rate 
of all system parts is equal. In the context of the pipeline adder in Figure 

6.1.2. this means that t = t = t.. 

a b c 

A more complex pipelined adder would be one in which there are multi- 
ple hardware units in each stage. Such a pipelined adder is shown in Figure 
6.1.3. 
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Figure 6.1.3 
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Stages A,B and C have n , iv end n hardware functional unite, respectively. 
In this case, the throughput of the system is given by 

Bin [ n /t , n,/T , n /t ]. 
a a l> d c c 

For the system to be balanced, we see that n a ^ T a * *H/ T b " *\/ T c* 
This implies the following: 

If a stage consists of slow hardware functional units, a proportionately 
larger number of units should be present in the stags to ensure that the 
system is balanced. Absence of system balancer implies that there are parts of 
the system with excess capacity that cannot be used. Oar results can thus 
be used to test for system balance in deterministic systems, and they serve 
to formalise the intuitive notions of balance that a hardware designer, 
would, no doubt, use ia the design of pipelined systems. 
PERT Networks and Project Scheduling; 

PERT charts are used in Project scheduling to determine the shortest time 
that it takes for an ensemble of concurrent activities to complete, given 
the precedence relationships between the activities and the time duration of 
each activity. We examined the relationship between PUT charts and timed 
Event Graphs in Section 5.6. We now see that by using timed event graphs, 
we can model aspects of project scheduling and assembly lines that are not 
within the power of PERT charts. The two main advantages of timed event 
graphs over PERT charts is their ability to: 

(a) model systems that act recurrently. 

(b) model physical resource units explicitly. 

Suppose we consider the project represented by the PERT chart in Figure 
6.1.4. The project consists of activities **a" through H g" with the prece- 
dence constraints expressed by the PERT chart. We begin by drawing the 
equivalent acyclic event graph for this PERT chart , using the method given 
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in Section 5.6. This acyclic event graph is shown in Figure 6.1.5. 



* (\\ 




Figure 6.1.4 A PERT Chart . 




Figure 6.1.5 Equivalent Event Graph . 

Now suppose we want the PERT chart in Figure 6.1.4 to represent a manufac- 
turing process, where t. represents the start of the process, and t Q the 
end. We assume that each activity in the system requires the use of a 
unit of resource, like a lathe, a milling machine, etc. lire wish to express 
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the fact that there are only a finite number of units of each resource type. 
Also, some resource units may be very expensive and may have to be shared 
among several activities (e.g. a high precision lathe). How are we to ex- 
press such system constraints using a PERT chart? The answer is that there 
is no way of doing this without augmenting the structure of PERT charts. Let 
us see what added descriptive power can be had by using, timed event graphs. 

Around each of the transitions t through t , we draw a loop. Each loop is 

*• 8 

marked with a number of tokens equal to the number of physical processing 
units available for the corresponding activity. The resulting event graph 
is shown in Figure 6.1.6. 




Figure 6.1.6 Event graph which models limited resources available 
for each activity in PERT chart. 

In addition to the transition representing an activity, each loop consists 
of a second transition, which we will interpret as the act of allocating 
a resource unit to the activity. Since we wish to model a recurrently acting 
production facility, we complete the loop between t and t and add a large 
number of tokens to place p as shown in Figure 6.1.7. One of the self -loops 
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Figure 6.1.7 
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(i.e., loops around each of the transitions t ...t now becomes the criti- 

a g 

cal circuit. JThe_system can be balanced by assuming that the natu- 
ral computation rate of each of these circuits is the same, i.e. 

- \ /(T bl + T b2> ' 
The n's denote the number of tokens on the corresponding circuits. If all 
the n's are infinite, then the processing capacity of the production facility 
becomes infinite. This is the situation represented by Figure 6.1.5. Since 
any production facility in real life has only finite resources available 
to it, these resources can be explicitly represented as we did in Figure 
6.1.6. 



A word now about adding an infinite number of /tokens to the loop formed 
by joining t to t through place p. Each token represents the possibility 
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of a set of subassemblies being input to the production facility for process- 
ing. Our assumption that we can add an infinite number of tokens to place p 
is equivalent to saying that there is an unbounded amount of buffer capacity 

between the activities t ...t . In practice the amount of buffer space 

a g 

(in the form of storage bays) between work stations in a production process 

is bounded, and this would place a limit on the number of tokens we can put 

on place p. In that case, we would have to consider the natural computation 

rate of all circuits in Figure 6.1.7 including circuits like 

t^t t v t t t. , t.t.t.t t t. , etc. 
iabcoi idfgoi 

Let us give an example of how the buffer capacity of the system may affect 
the maximum throughput rate of the system. We do this by considering 

some actual values for system parameters. 
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The throughput rate of the system - mint 2/3 1/2, 2/4, 3/6, 2/5, 3/8, 

2/3, 6/9, 6/11, 6/17] - 6/17. 

We see that circuit t.,t.t_t t t, limits the throughput rate of the system. 

idfgoi 

Case (ii) Now let M(p) = 100 (i.e.,"very large"). 
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The throughput rate of the system becomes min [ 2/3^ 1/2, 2/4, 3/6, 2/5, 

3/8, 2/3, 100/9, 100/11, 100/17] = 3/8. 
The loop around transition t now becomes the bottleneck in the system. 

The production facility we have considered so far was arranged in such a 
way that each activity has its own set of resource units available to it. We 
now consider the issue of resource sharing. 
Resource Sharing 




Figure 6.1.8 



Consider the production process shown ifi Figure 6.1.8. Once again, 
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a e 
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We make the assumption that the same type of resource is ased by both 

activities t and t. . In Figure 6.1.8 , each activity has its own resource 
a b 

unit. In this configuration, the system throughput is 

min [ 1/6, 1/2, 1/5, 2/10, 1/4.5 ] - 1/6. 

We see that activity t is the bottleneck in the system. Since activities 

a 

t and t t use the same type of resource, it is possible to pool their 
a b 

resource units together . Now whenever resources are pooled together, some 
resource allocation strategy must be adopted to ensure fair resource allo- 
cation to the contending resource users. Since event graphs can model only 
deterministic systems, we will use a simple strategy in which each resour- 
ce unit is allocated alternately to the two activities. The resulting 

system is shown in Figure 6.1.9. 

T 




We assume that all parameters of the system are the same as before; this 
time the throughput of the system is 

min [ 2/8, 1/5, 2/10, 1/4.5 ] = 1/5. 
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Thus, the activity t is no longer the bottleneck in the system. It 

SL 

should be noted that other resource allocation strategies are possible, 
but they result in non-deterministic nets. 

So far, the system models we have considered have all been timed 
event graphs. We now give an example of a system which is modelled by 
an LSP Petri net. 

Figure 6.1.10 is a timed LSP Petri net model of the assembly line 
that alternately outputs two types of automobiles, which we discussed 
in Section 1.2. 

The maximum computation rates of transitions t and t fi are of interest 
because they tell us the maximum rate at which automobiles are output 
by this assembly line. These computation rates can be found from the 
timed steady state equivalent net of Figure 6.1.10(b). 

We now suppose that there is parallelism within some of the assembly 
stages, but that automobiles are still manufactured alternately. This 
can be modelled by adding tokens to places in the net of Figure 6.1.10(a) 
other than p~ and p g , and we get an LBP Petri net of the type shown in 
Figure 6.1.10(c). 

The reader will recall from Section 3.4 that in order to draw the 
steady state equivalent net of an LBP net that is also LSP, tokens are 
removed until a life, safe marking results and then drawing the steady 
state equivalent net for it. The marking is constructed by the technique 
given in Section 3.4. We get the steady state equivalent net of Figure 
6.1.10(d). Once again, the maximum computation rate of transitions k 5 and 
k, can be found. 

The system models we have considered so far have all been determinis- 
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Figure 6.1.10(b) Steady State Equivalent Net 
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Figure 6.1.10(d). Steady State Equivalent Net of the LBP Petri 

Net of Figure 6.1.10(c) 
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tic Petri nets. We now turn our attention to the modelling of non- 
deterministic systems. 

The simplest example of a non-deterministic system that we visit to 
model is tike pipelined processor with decisions of the- type discussed 
in Section 1.2. 4 timed 3ffi Fetri net model for this is given in 
Figure 6.1.11. 
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Figure 6.1.11 



This net has five state machine components, as the reader can easily 
verify (indicated as Stage 1,..., Stage 5). Two types of instructions 
can be processed, Type A and Type B. Let us suppose that the relative 
frequency of these two instruction types is in the ratio of 2:3 (this 
can be found by statistical analysis of program traces). This leads to 
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the following minimal integer consistent current assignment: 

cp =9, =9 =<P=2 
c 4 e b 

cp d = cp 5 = cp f = 9? - 3. 

The computation rate p. of transition t.. gives the maximum rate at 
which instructions are absorbed from the input queue. Similarly, the 
computation rates p, and P 7 give the maximum rates at which results 
are placed in the output queues. To calculate these quantities, we 
first find p'. From Theorem 5.2.1, 

p' = min [ $ v i|f 2 , t 3> \|/ 4 , i|; 5 ] 
where each of the terms represents the fundamental computation rate of 
the corresponding stage in the system. System balance requires that 

*1 = *2 = *3 = *4 = V 
Let T. be the firing time of transition t. where i = a, ...,f. Then, we 

have 

1 
p 1 = min[ , etc....] 

CD T 

a a 
111 1 1 



- mm , , 2T 3T , 2T , 3T 
a b c d a f 

Suppose we choose t = t = t = t = t = t = i ^ S ec, 
rr a b c d e x 

then p' = 1/5 and the system is not balanced. 

A balanced and more economical system results when T = 2.5 u sec, 

T = 1.67 n sec, the other parameters being the same. Under this new 

firing time assignment, 
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p* = "? »2xlO instructions/sec. 

therefore, 

p n - 5 X p* =10 instruct ions /sec. 



'1 
'6 



p, = 2X2X10 =4X 10 instruct ions /sec. 



p ? = 3 X 2 X 10 5 « 6 X 10 instructions/sec. 
The reader can construct further exanples based on processors in which 
there are multiple hardware units within each stage, and can work out 
a method for an- optimal design based on certain objective and cost 
functions. We shall not attempt to do this here. 

The SMD Petri nets we have exhibited so far have mainly been models 
of pipelined processors or assembly processes. Let us now look at 
models for interacting cyclic processes in computer systems. We begin 
with a model for two processes that interact with each other through 
mailboxes. Figure 6.1.12 gives a schematic or a flowchart model for 
such a pair of processes. One of the processes is deterministic (or 
decisionless) and the other one has two decisions in it. The processes 
communicate by passing messages to each other through mailboxes, and 
the reader can convince himself that they can operate concurrently 
without deadlocking. This can be verified formally when the Petri net 
model for this system shown in Figure 6.1.13 is examined. The net is 
seen to be SHA, and in Figure 6.1.14 we indicate its state machine com- 
ponents. Since the marking shown puts at least one (in this case 
exactly one) token on each state machine, the marking is clearly live. 
This, as the reader will recall from Chapters 2 and 3, means that the 
system of processes has no redundant operators, and furthermore, that 
the processes can operate without being deadlocked. 
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Figure 6.1.14(b) 
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Figure 6.1.14(c) 
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Figure 6.1.14(d) 

Having thus established that the Petri net in Figure 6.1.13 has a 
live marking, we can now suppose that the transition labelled "op 19" 
represents an operation which outputs a result every time the transition 
fires. Our problem now is to find out the maximum rate at which op 19 
outputs results, given the usual parameters like the firing times of the 
transitions and a minimal integer consistent current assignment. The 
places marked "op 8" and "op 16" represent decisions, each decision 
having two outcomes. The relative frequency of the outcomes of each 
decision can be found by statistical means. Let the probabilities of 
op 11 and op 9 be p.- and p_ respectively, where p^ + p g = 1. 

Similarly, let p, g and p.- be the probabilities of op 18 and op 17 
respectively, such that p 17 + p lg =1. We can now obtain a minimal 
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integer consistent current assignment for the net, where each current is 
denoted as usual by <p, and 
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From this consistent current assignment, we can derive the following 
minimal integer consistent current assignment: 
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The maximum computation rate P^g = P X <p 19 = 12p , where p* can be 
determined by applying Theorem 5.2.1. 

The example we have worked out clearly shows the utility of 
Theorem 5.2.1. As we have pointed out in Section 5.2, an achievable 
bound can be found for P 19 by drawing the timed c-equivalent nets for 
the Petri net in 6.1.13, and finding the c-equivalent net with the 
minimum value of fundamental computation rate. This method is not 
easy and Theorem 5.2.1 gives a far more tractable method* although the 
bound so computed may be overly optimistic, since the Petri net is not 
a - SMA. 

The timed event graph of Figure 6.1.9 models a production facility 

in which a deterministic resource sharing strategy was used to share 

resource units between activities T and T. - . We pointed out that in 

ai Di 

order to model non-deterministic resource allocation strategies, we 
need SMD Petri nets. We show such a system in Figure 6.1.15. 

A minimal integer consistent current assignment is one which assigns 
unit current to each transition, i.e., 

*«2"*b2- *al" *bl" •••• *el " *e2 = U 
By decomposing the net into its state machine components, we see that 

only one state machine component has changed, namely the one containing 

the resource pool and the transitions t ^ t „, t fel and t fe2 . The maximum 

2 

fundamental computation rate of this state machine is •= — , T v^ — T^ > 

al a2 + bl + b2 
which is the same as that of the simple circuit t 2 t al t fe2 t fel in Figure 

6.1.9. Thus, the non-deterministic strategy does not change the compu- 
tation rate of the system. This can be seen to be true for deterministic 
production facilities, as they have a fixed minimal integer consistent 
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Resource pool 




Figure 6.1.15 The Production Facility of 6.1.9 with a Won-Deterministic 

Resource Allocation Strategy . 



current assignment. The reader is invited to construct further examples 
for hiaself . 

We conclude this chapter with an example of an ensemble of sequential 
processes which contend for shared resource units in a resource pool. 
Figure 6.1.16(a) is an SW> Petri net model of a system of three sequen- 
tial processes contending for two pooled resource units. The minimal 
integer consistent current assignment models the fact that the relative 
frequencies with which Processes 1,2 and 3 are allocated resource units 
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<Pm =3 



Process 1 



Process 2 



Process 3 



Figure 6.1.16(a) 



are in the ratio of 1:2:3 (this is a coincidence). The net is SMA, 
and the four state machine components designated S..,...,S, are shown 
in Figure 6.1.16(b). 

By applying Theorem 5.2.1, the reader can easily find the computation 
rate of any transitions of interest. 

It is hoped that the material presented in this chapter has given the 
reader a good overview of the applications of the work presented in the 
earlier chapters. The reader should reinforce his understanding of this 
material by constructing further examples of his own. 
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Flgure 6.1.16(b) 







Process 2 



Process 3 
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GHAPTER 7 

This thesis has answered several questions but has opened up many 
others. Basically, we have laid to rest the issues we raised in Chapter 
1. We have shown how to model asynchronous concurrent systems in an eco- 
nomical fashion, and, by augmenting our model with timing information, we 
have shown how to find bounds on the computation rate of a large class of 
systems. 

Our approach in establishing the validity of the SMD Petri net model 
for asynchronous systems has been heavily dependent on example and 
intuition. This may seem rather unsatisfying to some of us, and we pose 
the following problem to our readers: can we come up with a set of axioms 
that specifies the structure and behavior of asynchronous systems, and then 
show that these axioms lead to SMD Petri nets? 

SMD Petri nets have turned out to be a very rich class of structures 
for representing asynchronous concurrent systems. However, we do not have 
any necessary and sufficient structural conditions for an SMD Petri net 
to have a live marking, and we pose this as another problem to our rea- 
ders. 

The other major question that remains to be examined is to assume 
firing times to be random variables in order to model real -world systems 
more accurately than is possible with the model of Chapter 4. Good bounds 
are needed for the mean computation rate of such timed nets. Another issue 
that seems to merit some attention is to assume that input queues to 
an asynchronous concurrent processing systems are fed by items whose 
arrival rates are random (e.g., Poisson) . This will lead to a statis- 
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Lical fluctuation in the processing rate of the system, and the effect 
of buffers in smoothing out these fluctuations can be examined. A general 
performance analysis theory can then be worked out for asynchronous 
c;c.T!ci.!rrent systems. We think th:L our thesis is a step in that direc- 
tion. 



•211- 



APPENDIX I 

In this appendix, we show that the rooted tree T(V) for any vector 
addition system V is finite, and the proof of Theorem 2.3-1 is given. 
The results and techniques in this appendix are taken from Karp and 
Miller [K2] . 

Finiteness of the Tree T(V) 

To prove that T(V) is finite for any V requires two lemmas. The 
term subsequence used here does not refer necessarily to successive 
elements of a sequence. Thus 1, 3, 4, 15, 79,... is a subsequence of 
12 3 

Lemma 1.1 ; Let s n ,s,,...s ,... be an infinite sequence of elements 
from (N U { w }) for some positive integer r. Then there exists an 
infinite subsequence s. ,s. ,...,s. .... such that s. Ss. £ ... £ s. . 

V V V L i L 2 

Proof: In s ,s..,...s ,... there exists an infinite subsequence that is 
non-decreasing in the first element. In this sequence in turn, there 
exists infinite subsequence that is non-decreasing in the second element, 
etc. 

Lemma 1.2 : (Konig Infinity Lemma [K3] . Let T be a rooted tree in which 
each vertex has only a finite number of successors and in which there is 
no infinite path directed away from the root node. Then T is finite. 
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Theorem 1.1 : For any vector addition system V, the tree T(V) is 
finite. 

Proof ; Ass time otherwise and let s..,s 2 ,...s , ... be a sequence of 

nodes in an infinite path directed away from the root node. By Lemma 

1.1 there must exist an infinite subsequence s. , s. , ...s. , ... of this 

i l X 2 n 

sequence such that i(s. ) £ X(s )... £ 4(s. ) £ ... Since none of 

X l *2 *n 
these nodes is an end, it can never happen that X(s. ) = i(s. >. If 

n n+1 
this were not true, then the path would be finite by condition 2(a) in 

the definition of T(V). 

From condition 2(b) in the definition of T(V), i(s ) must have at 

irtl 
least one more element equal to <*> than i(s. ) does. Since the number of 

n 
elements is finite, we have a contradiction, and, therefore, no such 

infinite path can exist. From Lemma 1.2 it must be the case that T(V) 

is finite. 



Proof of Theorem 2.3.1 : For any vector addition system V and any integer 
vector x of the same dimension 

(3y € R(V) such that x £ y) » ( 3 P € T(V) such that x ^ i(P) ). 

Proof: We first show that the right hand side implies the left hand 
side. The idea of the proof is that, if p is a node in T(V), then there 
are vectors in R(V) which agree with i(P) in its finite elements, and 
can be made arbitrarily large in the elements equal to w by repetition of 
the sequence of vectors which led to the occurrence of w. The details of 
the construction involve some calculation. 
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Suppose x £ £(P). Let the path from s to p have the successive 

nodes TU.TL , . . .U, where s = 71 and p = U. For j = l,2,...k, let 

v. be the vector associated with the arc directed into 11.; i.e., 
J J 

T|. = (^j_^) v • Assume without loss of generality that the first h 

j 
components of 4(p) are equal to w, and that the other components are 

less than to. Assume further that, in the path from s to p, w's are 

introduced in the order l,2,...h. Then, for each i, 1 ^ i ^ h 

there exists a consecutive subsequence t. = v /.\> v , .v , , . . ' v J/i\ 

such that the vector u. = v , .», +v ,.v, ,,... + v, ,.» is positive in 

l c(i) c(i)+l d(i) 

the i-th element and nonnegative in the i+1 st through nth elements. 
Note that t. is the subsequence that "accounts for" the i-th w. 

Let -it be a lower bound on all the (negative) elements of u^,...,u, . 
Also let {n.. n,} be any set of non-negative integers satisfying: 

n. ^ (x-s), + n(h + L + n_ + n_ + . . .+ n. ) 

n„ ^ (x-s) 2 + n(h + n_ + n, + . . ,+n, ) 



(1) 

T\ ± * (x-s) i + «(h + 2 - i + n i+1 + ..,+r^) 



\ * (x-s) h + 2* 
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Such a set must exist because of the triangular form of the inequali- 
ties. 

Choose s 1 ,s 2 ,...,s h _^ 1 such that for 1 ^ i jS h, SjS_...s. is the 
prefix of v.v_...v. up to the first occurrence of <*> in the i-th 

element, and 8 ;i 8 2* * ,8 h+l = v l v 2*** v k* Tnen tne sequence 

n n n 

11% 
6 - s.t. s-t- ...s-t-^ s^. * u.u....u« has the following 

properties: 

(a) s + u, + u 2 ...u„ * x 

(b) each partial sun 8 + u. +...u. Is non-negative. 

We omit the detailed derivation of (a> and (h) from the system of 
inequalities (1). To show that the left hand side implies the right 
hand side, suppose that the following aee true: s + u- + u....u f € R(V), 

x ^ s + u, + ...u,, and s + u, +. ..+ u ^ 0, m = 1,2,... f, where the 
it .1 m 

{u 3 are elements of W. Apply the following operation to the sequence 
m 

s, s + u_, s + u. + u ,...s + u, +. .. + u. as many times as possible: 
Find the first member of the sequence (call it u') such that, for 
some earlier member u**, u*' ^ u l . 

(a) If u" = u', then delete all members following u'; 

(b) otherwise, for each i such that (u*'). < (u 1 )., replace the i-th 
element of u* and of each vector beyond u' in the sequence by <*>. 

It should be clear that the sequence obtained at the conclusion of 
this process is the sequence of labels in some path directed from 
the root of T(V) , and that the final label in this sequence is a vector 
greater than or equal to s + u.. +... + u_. Hence, the left hand side 
implies the right hand side, and the proof is complete. 
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To illustrate the construction of the sequence 8 given in the 
first part of the proof, the following example, due to Karp and 
Miller, is provided: 

Suppose s = (1,1,1,4) and W = {(0,0,0,-1), (2,-1,0,0), (-1,1,0,0), 
(-1,-3,4,0)}. Consider the following path in T(V); 



(1,1,1,4 ) °> »°|- 1 . (1,1,1,3) 



\ 2,-1,0,0 
?,0,1,3) " 1 i 1 i°i » <u> f l f l,3) 



(3, 

\ -1,1,0,0 
(",m..1,3 ) - l >~ 3 ^>°* (",w,u), 3) 

S]L = (0,0,0,-1), (2,-1,0,0), (-1,1,0,0) t x = (2,-1,0,0), (-1,1,0,0) 

s 2 = (-1,1,0,0) t 2 - (-1,1,0,0) 

S 3 = (-i'-S^O) t 3 = (-1,-3,4,0) 

Take x = (22,16,9,3) £ (u>,u>,u),3) and let * = 3. The system of 
inequalities (1) for this case is: 
n L * 21 + 3(4 + r^ + n 3 ) 
n 2 > 15 + 3(3 + n 3 ) 
a 3 2: 8 + 3 . 2 
A solution is: n 3 = 14, n ? = 66, n^ = 273, giving the sequence 
5 = (0,0,0,-1), (2,-1,0,0), (-1,1,0,0), ((2,-1,0,0), (-1,1,0,0)) 273 , 

(-1,1,0,0), (-1,1, 0,0)**, (-1.-3,4,0), (-l,-3,4,0) l \ which 
establishes that the point (193,23,61,3) ^ x is in R(V). 



-216- 



BIELIQGBAFHY 



Bl Baer, J.L., Bovet, D.P., and Estrin, G. Legality and other properties 
of graph models of computations. JJlC», Vol. 17, No. 3, &*& 1970 » 

pp. 543-554. 
B2 Baer, J.L. Graph Models of Computations in Computer System. Pha*. 
Thesis , Department of Engineering , Univeristy of California, Los 
Angeles , October 1968. 
B3 Berge, C. and Gfcouila Houri, A. Proa^amming, Games and Transportation 

Networks. John Wiley and Sons , Ine. » 196*. 
CI Commoner, F., Holt, A<W,, Even, S. and Pnueli, A., Marked Directed Graphs, 

JCSS 5, 1971, pp. 511-523. 
C2 Chen, T. C. Parallelism, Pipelining and Conpater Efficiency. MM 

RJ795 (Bo. 14666). January 4, 1971. 
C3 Clark, C.E. The Greatest of a Finite Set of Random Variables. 

Operations Research 9, 145-162 0961). 
Dl Bennis, J.B. Modular Asynchronous control structures for a high 

performance processor. Record of the Protect MAC Confe rence on Concur- 
rent Systems and Parallel Computation, ACM, Mew York 1970 pp. 5580. 
D2 Dennis, J.B. and Patil, S.S. The Description and Realization of Digital 
Systems. IEEE Conference Record , CCHFCOH 72 > September 1973 > IBM 
Computer Society , Northridge , California . 
D3 Dennis, J.B. Programming Generality, Parallelism and Computer Archi- 
tecture. IFIPS Conference Proceedings , 1968. 
D4 Dijkstra, E.W. Cooperating Sequential Processes, Mathematics Dept., 

Technological University Eindhoven , Netherlands , September 1965. 
D5 Dennis, J.B.. and Patil, S.S. 6.232 Course Notes, Department of 

Electrical Engineering, MET, Cambridge, Mass. 02139. 
D6 Dennis, J.B. and Van Born, E. Programming Semantics for Mult i- 

programmed Computations. MIT Project MAC, MAC-TR-23, December 1965. 
D7 Dennis, J.B. Private Conversation. 

El Elmaghrabhy, S.E. An algebra for the analysis of generalized activity 
networks. Management Scienee , Vol . 10, No. 3 (April 1964). 



-217- 



Fl Fulkerson, D.R. Expected Critical Path Lengths in PERT Networks. 

Research Memorandum RM-3075-PR, The Rand Corporation, Santa Monica , 

California , March 1962. 
HI Hack, M. Analysis of Production Schemata by Petri Nets. MIT Project 

MAC TR 94, February 1972. 
H2 Holt, A.W. Events and Conditions. Applied Data Research , Inc., New 

York , 1970. 

H3 Holt, R.C. On Deadlock in Computer Systems. Technical Report CSRG-6 , 

University of Toronto , April 1971. 
H4 Hennie, F.C. Finite State Models for Logical Machines, John Wiley and 

Sons , 1968. 
H5 Hack. CSG Memo 78. 

Kl Karp, R.M. and Miller, R.E. Properties of a Model for Parallel Computa- 
tions — determinacy, termination and queue ing. SIAM Journal of 

Applied Mathematics , Vol . 14, No. 6, (November 1966) pp. 1390-1411. 
K2 Karp, R.M. and Miller, R.E. Parallel Program Schemata. IBM Research 

Report RC-2053 , April 10 1968. 
K3 Konig, D. Theorie der Englichen und Unendlichen Graphen. Akademische 

Verlagsgesselschaf t , Leipzig , 1936. 
LI Luconi, F.L. Asynchronous Computational Structures. Project MAC 

Technical Report MAC-TR-49 , MIT , Cambridge , Mass ., February 1968. 
Ml Martin, D.F. and Estrin, G. Experiments on models of computations and 

systems. IEEE Transactions on Electronic Computers , Vol . 16 , No . 1, 

February 1967. 
M2 Martin, D.F. and Estrin, G. Models of computational systems — cyclic 

to acyclic transformations. IEEE Transactions on Electronic Computers 

Vol . EC-16 , No.l, February 1967. 
M3 Martin, D.F. and Estrin, G. Models of Computations and Systems - 

evaluation of vertex probabilities in graph models of computation. 

JACM, Vol.14 , No. 2 (April 1967) pp. 281-299. 
M4 Mac Crimmon, Kenneth R. and Ryavec, Charles A. An Analytical Study 

of the PERT Assumptions. Research Memorandum RM-3408-PR, The Rand 

Corporation, Santa Monica, California, December 1962 (DDC Number AD-293-423), 



-218- 



Pl Patil, S.S. The Coordination of Asynchronous Events. Ph.D. Thesis , 

MIT Department of Electrical Engineering . Project MAC TR-72 , MIT , 

Cambridg e, Mass ., June 1970. 
Rl Ramchandani, C. On the Computation Rate of Asynchronous Computation 

Systems. Proceedings of the Seventh Annual Princeton Conference oa 

Information Science and Systems , 1973. 
SI Slutz, D.R. The Flow Graph Schemata Model of Parallel Computation. 

Pr °1 e ct MAC Technical Report MAC-TR-53 , MIT, Cambridge . Mass ., 1968. 
B4 Baker, H.G. Private Conversation. 



-219- 

BIOGRAPHICAL NOTE 

Chander Ramchandani was born in Karachi, West Pakistan, on June 13 
1947. The partition of the country two months later led his family to 
migrate to India and settle down in New Delhi . He graduated with high 
honors from St. Columba's High School, New Delhi, receiving the General 
Certificate of Education, '0' Level, awarded by Cambridge University, 
in May 1963. He studied Electrical Engineering and Electronics at the 
Indian Institute of Technology, New Delhi, graduating summa cum laude 
with the degree of B.Tech. in 1968. 

In September 1968, he joined the Department of Electrical Engineer- 
ing at MIT on a J.N. Tata Endowment Fellowship. Two months later, he 
joined Project MAC , where he has been a Research Assistant in the 
Fundamental Studies Group. During summers he has worked at Project MAC 
(1970) and IBM T.J. Watson Research Center (1971). His interests include 
computer systems, parallel computation and the modelling and analysis of 
computer systems and computer networks. 

Mr. Ramchandani is a member of Sigma XI and the Association for Com- 
puting Machinery. 

PUBLICATIONS 

(a) "On the Computation Rate of Asynchronous Computation Systems". 
Proceedings of the Seventh Annual Princeton Conference on Informa- 
tion Sciences and Systems, March 1973. 

(b) "An Analytical Model for Memory Contention in Cache Memory Multi- 
processor Systems". Proceedings of the Hawaii International Confer- 
ence on System Sciences, January 1973. 



This empty page was substituted for a 
blank page in the original document. 



BIBLIOGRAPHIC DATA 
SHEET 



l. Report Nos: GJ34671 + N00014- 
70-A-0362-OOO1 MAC TR-120 



3. Recipient's Accession No. 



4. Title and Subtitle 

Analysis of Asynchronous Concurrent Systems by Timed 
Petri Nets 



5. Report Date ; issued 



7. Author(s) 

Chander Ramchandani 



8. Performing Organization Rept. 

No - MAC TR-120 



9. Performing Organization Name and Address 

PROJECT MAC, MASSACHUSETTS INSTITUTE OF TECHNOLOGY: 
545 Technology Square, Cambridge, Massachusetts 02139 



10. Project/Task/Work Unit No. 



11. Contract /Grant N<JiS:Gj3467 

N00014-70-A-0362-0001 



12. Sponsoring Organization Name and Address; 

Office of Naval Research 
Department of the Navy 
Information Systems Program 
Arlington, Va 22217 



Associate Program Director 
Office of Computing Activities 
National Science Foundation 
Washington, D. C. 20550 



13. Type of Report & Period 
Covered: Interim 

Scientific Report 



14. 



15. Supplementary Notes 

Ph.D. Thesis, M. I. T. , Department of Electrical Engineering, July 1973 



16. Abstracts 

Asynchronous concurrent systems are systems of interacting components whose 
operation is not governed by a central clock. This thesis presents a model for 
the analysis of such systems. In particular, the model used enables one to place 
bounds on the computation rate of a large class of asynchronous systems. The 
results obtained have wide applicability and several examples are given, drawn 
from areas such as computer systems modelling and operations research. 



17. Key Words and Document Analysis. 17a. Descriptors 

Petri Nets 
Timed Petri Nets 
Pipelined Computers 
Parallel Computation 
Computation Rate 
Performance Analysis 
Distributed Computation 

Systems 
Concurrent Systems 

17b. Identifiers/Open-Ended Terms 



17c. COSATI Field/Group 



18. Availability Statement 

Unlimited Distribution 

Write Project MAC Publications 



19.. Security Class (This 
Report) 

„ unclassifi e d 

20. Security Class (This 
P»ge 

UNCLASSIFIED 



21. No. of Pages 

220 



22. Price 



FORM NTIS-35 (REV. 3-72) 



THIS FORM MAY BE REPRODUCED 



USCOMM-DC I4B32-P72 



/', 



